The Journal of Symbolic Logic
Volume 00, Number 0, XXX 0000

ASYMPTO TIC CLASSESOF FINITE STRUCTURES

RICHARD ELWES

x1. Introduction. In this paper we considerclasse®f Pnite structureswhere we
have good control overthe sizesof the dePndle sets The motivating exampleisthe
classof pnitepelds it wasshown in [1] that for any formula (>g, @) in the language
of rings, there are bnitely many pairs (d;1) 2 4 Q”° sothat in any bnite beldF
and for any @2 F™ thesizej (F";a@)j is OgproximatelyOi jFj¢. Essentialy this is
a genealisation of the classicalLang-Weil estimaesfrom the category of varieties
to that of the brst-order-debPndle sets

Moti vated by this, we say that Pnite Peldsform a 1-dimensionabsymptoticclass
Macphersonand Steinhornin [5] havestudiedtheseclassedn abstract. Genenalising
this, in 2.1 below we debneN -dimensionalasymptoticclassedfor natural numbers
N 1,andbeginto developtheir generl theory. In that dePnition, wehaverelaxed
the asymptotic conditions (the meaningof OgproximatelyOabove), to encompass
to the widest possilde rangeof examples We provein corollary 2.8that our classes
lie within the geneal context of supersimpletheoriesof Pniterank.

In section3 we considerhow to debPneand interpret asymptotic classesnsideone
another, and in proposition 3.7 we show that the property of being an asymptotic
classis invariant under bi-interpretations. In section4 we give someexamplesof
asymptotic classes,n particular, in proposition 4.1 we show that the smoothly
approximable structures comprehensvely studied in [2] Pt into our framework.
In section5 we re-examine the relaionship betweendimension and D-rank. In
section 6 we consider steble asymptotic classes We show that stability can be
detectedwithin the Pnite structuresin our context, and in proposition 6.5, we
obsene that stable asymptotic classesre locally modular.

Not ation . If U is a (non-principal) ultrablter on a set | a@d fMi:lgisa
collection of L -structures,we denotethe ultraproduct by P = ~,,, M; U, and

the tl@le of co-ordinates of ain M, so that for eachj 2 f1;:::;ng we have
a = iz,a,-(Mi) u.

If M isan L -structure, we write Def(M ) for the collection of all parameter
debPndle setsin all powersof M .
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x2. Basicdebnitionsandlemmas.

2.1. Debnition . Let L bea countabde brst order languagge N 2 u, andC a
classof pniteL -structures Thenwe saythat C is a an N -dimensionalasymptotic
classif for every L -formula (x;y9 where | (y@) = m, thereis a Pnite set of pairs
D (f0;:::;Ng R’9[ f(0;0)g andfor each (d;i) 2 D a collection, (g, of
elementof theform (M; @ wheeM 2 C and®2 M ™, sothatf, 4;,: (d;i) 2 Dg
is a partition of ff Mg M™: M 2 Cg, and

i (M;@] 1MjY = o(MjN)
asjiMj ! 1 and(M; @) 2, (g.)-

Moreover ead , (g;) is dePnalg, that isto sayf@&2 M™: (M; & 2 | 4;),91s
uniformly ; -dePnale acrossC.

Wemaywrite D for D, andwill callf, 4;,: (d;1) 2 Dga(dePnablepsymptotic
partition.

Wewrite h( (M; @) = (dim( (M;a&); meag (M;a&))) = (d;i)where(M;a) 2
. (@), e&xceptthatifd = 1 = Owework withtheconventionthatdim( (M;a&@) = 1.

We call C aweak asymptoticclasswhenC satisbeshe asymptoticcriteria, but the
. (¢:3) Mayfail to bedebnale.

Notice that an N -dimensionalclassis alsoanrN -dimensionalclassfor allr 2 u.
We will usually chooseN minimal sothat the debnitionis sdisbped.

It isimmediate that the collection of all asymptotic classess closedunder taking
subclasseand Pniteunions, and under expansionsof the languageby Pnitely many
constants

The above dePbnition dealsonly with L -formulae in one variable (plus para-
meters). However the next lemma shows that the corresponding statement for
L -formulaein more variablesfollows automatically.

2.2. Lemma. If C isanN -dimensionabhsymptoticclass thenfor every L -formula
(g ) wherel 09 = nandl (¥ = m, thereis a bPnitesetof pairs
D (f0;::::Nng R79[ f(0;0)g
anda partition f, 4;,: (d;i) 2 DgofffMg M™: M 2 Cgsothat
j M@ 1iMiE = o(M )
asjiMj ! 1 and(M; @) 2, (g.)-
Againead, (4;)isdepPnate.

Proof. We proceedby induction on n. The casen = 1 holds by assumption,
so supposethat it holds for all L -formulae o(>g 9 wherel(>d n. Consider
now (z;)y) wherel (3@ = n, 1(3@ = m. By the casen = 1, there exists + =

flei 1) (a;i)g  f0;::::Ng R’°[ f(0;0)g wheref, @in-1 1 tg
is a dePnadle and asymptotic partition of ff Mg M™Mm: M 2 Cg. Sa for
1 i tM2Cand(B@2M™"thatM (8@ () (M;B@2, i,
Now by theinductivehypothesis for eachi thereis+; = f(di1;1i1);:::; (dir,;Tir,)g

f0;:::;Nng R”°[ f(0; 0)gandadebnale asymptotic partition fXi:1 j g

of fMg MM™:M 2 C corresplondingto +i. Sy M F fij (& () (M;a 2
Xi () h(=(M™ @) = (dj;fj).
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so the setof all possille suchf is bnite We now bxf and considerM and &
compaible with f .
Debne Si(@ = f(z9 2 M "M EF (zg® " +(g@&g. Then
MM @ =" 1 Si(a). WeOlshow that

di iy *ei dif (i) * e

. . < . . ) . .
ISi(@j 1ifg@iMj- v =0 jMjW

Supposethat & > 0andd; (j) > O (the casesvheree = Oor di ) = Oaresimilar,
noting that if dj (o then for largeenoughM , we havej+(M ", @] = ij (;), etc).
Let" > 0. Let"%:= Minf"; 3i ;i} @ 9- Thenfor all su¥iciently largeM , we have

. 20) "0 i)
FMY @) Ty MY < KJMJ N
1
andforall @2 +(M"; &),
oo e "0 e
j Mpg@j 1ijMjyv < ——]MjV
3iit (i)
As
. . x . .
jSi(®)j = i (M ®)j
2 +i (M M3
we have
. "0 R "0 ‘M @y S (@i
s N ! N < :
it (i) 3, I 3 o) M iSi(®)]
"0 "o dif (iy*ei
< it — i+ iMj—~
SACKET 3iit (i) ]
and so
. L, L NON . NON
iSi@j TilgiMjTT <"jMjTH
asrequired.
Nowletd:= Max dy gy+e&:i2f1:::5tg A= i2fL i tgidy gy+e=d ,
andi = ,aliff ). Then ,AiS(@] 1jMj¥ = o(jMj¥). But for each

i 2 Awehavedy gy + & < d,soinfact [, jSi(@] 1jMj¥ = o(jM i), thatis
P MT@) 1M E = oM ).
As the setof possidef eadier wasbnite, it followsthat the correspondingsetof

p At

Fyy(9 = B it , iy(9)s

j=1i=1
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This debnes
A
Xif j (i)
j=1i=1
which is the desired set.

We shall want to speak of dimension and measue in the context of inPnite
ultraproducts of membersof an asymptotic class

2.3. Debnition . Let C beanN -dimensionabsymptoticdassin alanguagL , P
beaninbniteultraproductof membesof C, and (P"; @) beal -debnale set. Then
asD isPbnitg for someunique(d;i) 2 D wehawe

fM2C:(M;&M)) 2, 4)92 U:

In this sensave write (dim;mea3( (P"; &) := (d;i).
2.4. Debnition . Let C bea dassof bniteL -structures Thenforeadhh Q 2 U we
depneC 2:=fM 2C:jMj Qg,and

Th(C) ;= f6: 0 isanL -sentencand9Q 2 u sud that
8M 2 C wehaweM E 6g

2.5. Proposition . Let C beanasymptoticclass Thenthefollowingareequialent:
1. Foreathh () 2 L thereare(d;i) 2 D andQ 2 0 sudthatforallM 2 C @
wehaweh( (M™) = (d;i).

2. Th(C) is complete

3. For any inbniteultraproductsP; andP, of membesof C wehawthatP;  Ps.

Proof. The fact that (2) and (3) are equivalent is straightforward and holds for
any classof pniteL -structures

Supposenow that (1) holds. Let P; and P, beinbnite ultr aproducts of members
of C,andlet 6 beanL -sentenceThenfori 2 f1;2gwehave

PiF 6, h(fx2Pj:(x=x)"06g) = h(P;)
But by (1) weknow that thereisQ 2 u whereh(fx 2 M : (x = x)” 6g) isconstant
acrossC 2. Soin fact
PiF 6, forM 2 C Rwehaveh(fx 2 M : (x = x)” 6g) = h(M)
, P2F O
Now supposethat (1) fails. Then there are ()@ 2 L and arbitrarily large
pairsM1;M, 2 C suchthat h( (M) 6 h( (M])). AsD is Pnite, we may Pnd

(d1;11);(d2;12) 2 D and unboundedsequence$Myq; 1 j 2 0g;fMy:j 2 Ug
C sothat forallj 2 0 wehave

h( (My)) = (d1;11) 6 (d2;12) = h( (Mgy))
&ow let U be a non-principal ultrablter on u and for i 2 f1;2g let P; :=

20 Mij U. By the dePnaility of dimension/measuein C there are sentences
01,0622 L wherefori 2 f1;2gandallM 2 C

MEG, h( (M")=(di;ii)
HenceP; 6 Py asPiF 01" (¢ 62) but Po E (2 61) N 02.
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For the reader€convenience we recallthe debnition of Shelah€D -rank (seefor
instance5.1.130f [9]):

2.6. Debnition . Let M be a brst order structure. We debnethe D-rank of a
formula (g @) recusively asfollows.

D( (ma) O0if (g a& isconsistent.
For all ordinals , D( (g &) + 1if there exist g (g, ) anda sequence
fa: i 2 ug, indiscernilbe over a sothat:
DForeathi 20, M Fo(g®@)! (g
b Foreadi 2 U, D (2 (g @))
b Thereexistsk 2 U, sothatfa ()2 @): i 2 Ugisk-inconsistent.
For limit ordinals , D( (2 &) Jfforalla< ,D( (ga) Aa.

Recallthat a brst-order theory T is supersimpleif and only if every formula in
every model of T hasordinal D -rank.

We now prove a result linking the dimension and D -rank in ultraproducts of
asymptotic classes In forthcoming work in [4] we tackle the samequestionat the
more geneal level of inbnite measueble structures(see2.9 below). However we
retain the current proof here for its Pnitary nature

2.7. Proposition . Let C beanN -dimensionahsymptoticclass andP = Q M U
an inpnite ultraproductof membes of C. Thenfor all L -formulae (g, y9) andall
@2 P",D( (P";@®) dim( (P";a&).

Proof. By shrinking C if necessarywe may assumethat U is a non-principal
ultrablteron C. We proceedby induction, and show that if D( (P";@ r, then
alsodim( (P";a@ r. Notice that thecaser = Qistrivial asit isjust the condition
that (P"; @ isnon-empty,andr = listhecondition that U containsasetin which

(M "; @M )) is unbounded. Supposenow that the resultholdsfor allr s, and
that D( (P";@) s+ 1. Thenthereexist @ (>g @ and an indiscernibe sequence
f@:i 2 ugin P™ suchthat:

Foralli2u,PFaoa(gg)! (g
Foralli2 u,D(e(2®@)) s
Thereexistsk 2 U sothat fg (08 @): i 2 U gisk-inconsistent.

DebPne
Ut:=fM2C:g(M™@M)) (M™a&M))g;
V0= fM 2 C:dim(g(M";@(M))) sg;

.....

inductive hypothesiswe know that
fM 2C:dim( (M";&M)) sg2 U:
Henceeither
V=fM 2 C:dim( (M™;®&M)) = sg2 U;



6 RICHARD ELWES
or

fM 2C:dim( M";&M)) s+ 1g2 U:
Supposefor a contradiction that the former holds. For eachQ k debne

\Q \Q iN=Q

i=0 i=0 0 ig<i < <ig

Notice that Vg 2 U and that Vg+1  Vq. Also for conveniencewe write A; :=
g (M";@(M)) (whichM weéworking in will be clearfrom context). Now for all
M 2 Vgandalli Q, the following hold: A; (M"; @M )), dim(Aj) s,and
dim( (M"; @M ))) = s. Hencefor all su¥aciently largeM 2 Vg, it must hold that
dim(A;) = s, and (by shrinking Vq if necessary)we may supposethat this holds
forallM 2 Vqg. Now,

[Q
j MM EM)j A
i=0
X X Q
= JAi] JALN Apj+ o

i=0 0 i1<is

Iya=Q
+ (1)K ALY VAL

0 1< <iy 1
Mor eover, by indiscernibility, for all j;i]_;:::;ij+1;i](_);:::;ij0+l Q, we have

h(g(P";@,) \ \ 2(P"®.,,)) = h(g(P";cf)\ \ ﬂ(P“;@ﬁ_’ﬂ)). Thus we
may bnd \f/Q VoinU,i 2 R>C, and (do;1 0);:::;(d¢ 2;1 k 2), sothat for all
M 2 \f/Q,Wehaveh( (M™@&M))) = (s;i),andforallj 2 f0;:::;k 2gandall
i1;::50j+1 2 U, wehaveh(Aj, \ \VAi L) = (di;Tg).

Thusfor all * > 0 and all su¥acienty largeM 2 Vo,

M) @+ o Mt BED% e imt e
K (Q+1)Q::(Q+2 k) . Ko1o g b2
+( 1) & 1) ik 2+ (1) iMj
Claim.
s=do> d; > >de 2> 1
Proof of Claim. We know that s = dp dy de¢ > 1. Sup-

pose for a contradiction that strict inequalities do not hold throughout. Let
| := Maxfl% dio = djo;1 9. Thenfor all " > 0and all su¥icienty largeM 2 ‘PQ,
e d R .
i+ "IMjY - jAN VA ] Ao\ \ A\ A

i=l+1
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Now usingthe inclusion/exclusion principle we get

N . L9 )Q . .
(I +")Mjw Ao\ VAN A

i=l+1

i)eQ
jAo\ \A|\Ai1\Ai2j+ZZZ
I+1 ii<i,
ik XFQ
+( k! iAol VAN ALY VAL,
I+1 ig<iiig 2

So
. ] R ] Q I b
@+ MMy (Q D s ")M]E 5 (T2 + )M+ 1

G U N (PRPP G VD 1VF e

However for largeenoughQ and small enough", wehave (Q 1)(i 1 ") >
i+ ", andthen by taking largeenoughM 2 ‘PQ we may contradict equdion (1),
asd; > dj4o > > dg . QED Claim

A similar argumentnow completesthe proof: we have, forallQ 2 U, all" > 0
and all suvicienty largeM 2 Vo

(i + "M% j (M &M ))j

N wnin g s S +1 e g 1
(Q+ Do ")MJN Q2 (14 ")Mj™ + 3
+ (1)K (k?+11 T 2+ ( DRI ij(jsz

wheres> d; > > dx 2, sojust asin the proof of the claim, for largeenoughQ,
small enough", and largeenoughM 2 \f/Q, we have a contradiction.

2.8. Coroll ary. Any ultraproductof an N -dimensionabsymptoticclassis super
simpleof D -rank at mostN .

Proof. Simply apply the previous proposition to x = Xx.

Thereisabroaderclassof inbnite structureswhich admit dimensionand measue,
which have beenstudiedin [5]. We give the dePnition here:

2.9. Debnition . An inPnite L -structure M is measuable if there is a function
h: Def(M)! (0 R>9[ f(0;0)g(wewrite h(X) = (dim(X); meagX)) sudthat
the following hold:

1. Foreah L -formula (g )9 thereisa bnitesetD (U R”% [ (0;0)g, so
that forall @2 M ™ wehawh( (M"; &) 2 D.

2. If (M"; @ isPnitethenh( (M"; &) = (0;j (M";®j).

3. If (MM @ isadebnakesetandg (x ) andf@: i 2 U gareindiscernilie over
@suhthatM F (g@)! (ga&,dm( (g®)) n, andfor somek the
collectionf (@ @):i 2 Ugisk-inconsistentthendim(X) n+ 1
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4. Let X;Y 2 Def(M) andf : X ! Y bea debnale surjection Thenthereis
r2 0 and(dg;ig);::z;(de;ie) 2 (0 R>9)[ £(0;0)gsothat if

Yi = fw2 Y h(f (@) = (di;10)g;

thenY = Y[ [ Y isapartition of Y into non-emptydisjointdePnakbe sets

(CHEIER + 1 sls).
5. Forevery L -formula (g9 andall (d;i) 2 D , theset

f@2 M™: h( (M™ @) = (d;i)g

is; -debnale.

If X 2 Def(M) andh(X) = (d;i ), wecalld thedimensiorof X andi themeasue
of X, andh the measuringunction.
We saythat a completetheoty T is measuableif it hasa measuable model.

Notice that 3 above ensuesthat for all measugble structuresM and all X 2
Def(M) wehaveD(X) dim(X). In forthcoming work (see[4]) it is shown that
this condition in fact follows from the others.

x3. Newclassedromold. Considernow aweakasymptoticclassC in alanguage
L ,andauniformly depnadlesetXy foreachM 2 C. |wanttotreafXy: M 2 Cg
asa classof bnitestructures First we haveto considerwhich prst-order languages
are appropriate for this class There are many languagesone might choosesubject
to the context, but the following givesa minimum criterion that any of them should
satisfy.

3.1. Debnition . Let C be a weak asymptoticclassC in a languag L , andlet
(g ) beanL -formulawith ()@ = nandl (¥ = m. Debne

C)=f M"@®:M2C;®2M"g

Let L %bea brst-orderlanguage sud that  (C) is a dassof L %structures We say
L %is suitableif for any g (@ w® 2 L °(say|(#) = s andl(w® = r9 thereis
g(Bw) 2 L (wherl(® = n sandl(w) = r) sothatforevery X = (M"; &) 2

(C) andevery B°2 X" thereis 82 M " sothat g (X S; 8% = g(M "S; ).

3.2. Lemma.If C is an N -dimensionalweak asymptoticclass and (>g, ) is an
L -formulawith (@ = nandl(y@ = m. Then (C) is aweakasymptoticclassin
any suitade languag L °.

Proof. For(d;i)2 D depne (C)giy:=f (M"@®: (M;® 2, 4,9  AsD
is Pnite, it is su%acientto show that  (C) g is a d-dimensional weak asymptotic
classin L % underthefunction H (g( (M"; &);#)) := (e;i—‘g), whereh(g (M "; §)\

(M™; @) = (e;i)). For conveniencewe will suppressthe parametersa occuring
in
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Let" > 0Oandchoose"; > Oand", > Osothat "1 < &, ﬁ I—'g <", and
1
(0 E v Thenfor hM 2 C weh
Y I . Then for largeenoug we have
MM TIME < MR @
and
jC A e)MM) TME < M 3)
Cleary (2) givesthat
MiE < 2 ) MM+ m
and sousing(2) again
U A e
MJF < = ) MM+ =] (M) + M
Continuing in a similar way, we Pndthat for all r 2 U we have
T | " " LA
MiF < = 1+ bk ] (M) M
and sotaking the limit asr ! 1 wegetthat
MIE < =i (M) @
and substituting this back into (2), we get
HMIE > (MD) MR > 1 e M
1
so by this and (4) we get
) (MM < M < ] (M)
1 I 1
and therefore
T
1 . . € . . € - - &
—— =] (MT)ja < JMjv < = (M")je
(I "1)d ( 1)d
Thus using (3)
(i) 1 B "
" NE o (MDjs<j( " e)MT)j< = =] (M7)jd
1)d ( a
Sk (M
| d

Q

and by choiceof "1 and "5,
i . e .
s i (MMje<j( ~e)MMj<
Now we look at the debndle quotients of asymptotic classes Again, we brst

asrequired.
haveto considerthe question of which languagesto use:
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3.3. Debnition . Let C beanN -dimensionabsymptoticclass andE (g ; %; ¥ an
L -formulawith 1(2) = 102) = n, 1 (3@ = m.

C=E := fM"=Eg: M 2 C andE (& ;; ® dePnesinequialence
relationEgonM "g

Let L 9bea brst-order language sud that C=E is a dassof L %structures We say
that L Ois suitableif for every g (@ w?) 2 L °(sayl(#) = s andl (w? = r9 thereis
g(mw) 2 L (wherl(® = n sandl(w) = r) sothatforevery X = M "=Eg2 C=E
andevery B°2 X " thereis 82 M " sothat 2 (X S; ) = g (M "S; B)=Eg,

Also debneL 2 to be the disjoint union of L and L ° along with the natural
projectionmap Weform a dassof L 2-structuresin the obviousway:

Ce =f(M;® [ (M"=Eg): E(a;>%; ® dePnesnequialencerelationEgonM "g

3.4.Lemma. Let C be an N -dimensionalasymptotic dass and E (oa; ;9 an
L -formulawith1(>a) = 10@) = n, (3@ = m. ThenC=E is aweakNn-dimensional
asymptoticdlassin any suitade languageL © andCg isanN -dimensionahsymptotic
dassin the correspondindanguaglL 2.

Proof. We considerM 2 Cand@2 M"', where E(>a;>%; @ dePnesan equiv-
alencerelaion on M". Consider the debnéle set (M "; ), and supposethat
h( (M™B) = (d;i). Let = j (M";B)=E4. Consider brstthe casewhere
eachEg-classin (M "; ) hasthe samedimensionand measue, (e;1), say. Notice

thate d. Let" > 0. Let"; > Oand", > Obesuchthat ; s r < "and

i 22'7 "1 o

i " i_ :
Then for largeenoughM 2 C, we have
(i "DIMiF<j (M™Bj< (i +")MjF

and
( MV < (MTBi< (T "MV
So
( i DIME <j (MM Bj< (i + "M T

and thus

< ‘:"1)ij”,“79+ |_2 (5)
and similarly

SO U VTR ERE 2 6)

Hence(5) givesusthat

<(|“t 1)ij¥+ (l‘f l)j 4 e i
i

Ino
Ino

and similarly for all r 2 u

(i + "1) " ||2|’ ) de ||2|’+]_
T fr+l

<

I i ir
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and thus taking the limit asr ! 1

< 1Mt
| 2
This, with (6) givesusthat
T "), de P+" . ae " Pt b
> i Dimj — IMjT 2= T M
Thus
I " " I_ e " e
1 b 2 JdeN < < |+Il JMJN

and so by choiceof "1 and "5,
SIMIT < im

Now we turn to the casewhere the Eg-classesn (M ";8) may have di»erent
dimensionsand measues However as these classesare all debnedby the L -
formula (¥ * E (g & & for varying parametersw2 (M "; ), there are only

s&. SYM F 0 (@@, h( (M“BEM"@a) = (g;:i]). LetY,
be the union of all the Eg-classesn (M "; ) of dimension/measue (g ;{;), and
i = Yj=Eg ThenY; isdePndleby (28" 9E(zwa)" o, (@a#), and
1+ + 5= .Sayh(Y))=(dj;1j).
Let " > 0. Then by the resultobtained above, we havefor largeenoughM 2 C,

4 9

. i_Mleel<iM N
i M) <M

SO

Now setd®:= Maxfd, g:1 j sgA=fj:1 j s&d g=d%,

andi %:= f'I,T':j 2 Ag. Then

X o X ey -
—iMiFe T et My

) S ) S I

j2A ] ZA

< 1M ¥
X om X vy -
<7 Cmive T el uit
A . S j
j2A j ZA
and sincejAj sandforj 2 Awehaved; g < d°it follows that for large
enoughM 2 C

IME < M

for Y; are Pnite, it follows that there are only Pnitely many possibilitiesfor (d i 9)
above
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Now we needto show that the setof (&, @ 2 M "™ ™ suchthat h( (M ";§)=Eg) =
(d%19 is uniformly debnadle across C. We know that for any
(d%i0 2 f0;:::;Nng  R*°[ f(0;0)g the setof (F;@ 2 M™M such that
h(Y;) = (djo;i jo) is IL_.;nif‘ormly debndle acrossC. Thus for any assignmentof
(d%19) sothati ©= fli_,j: 1 j s&d® g =d%thesetof (Bg2M"m
which yield h(Y;) = (d%1?) for everyj, is also uniformly dePnale acrossC. As
there are only Pnitely many suchassignmentghe resultfollows.

We have shown that, for debPnale subsetsof M "=Eg, the asymptotic behaviour
is debnale. Cleary then this holds for dePndle subsetsof M [ M "=Eg, and for
higher powerswe may asusual appealto proposition 2.2.

The following debnitionsarefairly standard:

3.5. Debnition . Let M andN bestructuresin brst-orderlanguagesL y andL
respectiely. We saythat M is parameterinterpretable(p-interpretable)in N if there
arer 2 U, anlL y-debPnakesetX N, al y-debPnake equialencerelationE on
X,andamapf : M ! X=E, andL y -debPnake subsetof Cartesianpowers of X=E
which which interpret the constant,relation, and function symbolsof L y, in sud a
waythatf isanL y -isomorphism Wewrite M forthelL y -structureinducedonX .

Supposenow that M is p-interpretalle in N, viaf : M I M , andN s p-
interpretadein M viag: N ! N . ThenginducesanL y -isomorphisng : M !
M  foranlL y-structureM interpretedin N andhencein M . Similarly we get
anLy -isomorphismf : N I N whereN isanlL y-structureinterpretedin
M andhencen N. If theisomorphismg f :M ! M ,andf g:N! N are
debnabkein M andN respectiely, thenwe saythat M andN are p-bi-interpretable
Wesaythat M is; -bi-interpretablewith N if no parametesfromM areinvolved.

Notice that being ; -bi-interpretable is not symmetric. We rework thesein our
context:

3.6. Debnition . Let Cy andCy be dassesof structuresin brst-order languages
L v andL y respectiely. If thereis aninjectioni: Cy ! Cy sothat for eath
M 2 Cu, M is p-interpretade in i (M ), sothat the L , -structureM (i.e X, E,
and the L y -symbols)is uniformly dePnedacrossCy, then we say that Cy is p-
interpretablein Cy .

Nowif i: Gy ! Cy isabijectionandforeadhiM 2 Cy, M is p-bi-interpretalde
with i(M), in sud away that the structuresM |, N andthe mapsg f andf g
(as above) are uniformly debPnecdacrossCy, thenwe saythat Cy and Cy are p-bi-
interpretable Again we saythat Cy, is ; -bi-interpretablewith Cy if no parametes
fromCy areinvolved.

3.7.Lemma. If Cy is p-interpretalde in Cy , and Cy is an asymptoticclass then
Cu isaweakasymptoticclass Moreoverif Cy is; -bi-interpretabe with Cy , andCy
is anasymptoticclass thensois Cy, .

Similarly if M andN areinbPnitestructures M is; -bi-interpretadewith N, andN
is measuable, thensois M .

Proof. For thebrststatement, 3.2and 3.4giveimmediately thatfM : M 2 Cug
is a weak asymptotic class,and hencesois Cy, .

Now for the secondstatementwe know that Cy, is a weak asymptotic class,and
by 3.4againthat fi(M)[ M : M 2 Cyg is an asymptotic class Hence given
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2 Lwm and (d;i) 2 D asin depnition 2.1, thereis 4;,(y9) 2 L n sothat
(M;® 2, (g;)ifandonlyif i(M) F (4;,(f (8). Of coursethis holdsif and only
ifi(M) F (@i)(9 f (&), and now asthis takesplacein M and the L  -symbols
are all interpretedin L v, we may Pnd a parameterfreeL v -formula @ 4 ,(9) so
thatM F @ 4;)(@ if andonlyif i(M) F (4i)(9 f ().

The sameargument, along with Proposition 5.10 of [5], yields the result for
measueble structures

3.8.Coroll ary. If Cy andCy, in PnitelanguagesL y andL y respectiely, are
p-bi-interpretade, and Cy is an asymptoticclass thenthere is an expansionL | of
L m by bnitely mary constantsandfor eaht M 2 Cy anexpansionM °to L & so
that CQ := fM % M 2 Cy gisanasymptoticdass

Proof. Form L 3 by adding constantsto interpret the parametersneededto
debPneN andg f uniformly acrossCy , and then apply proposition 3.7.

x4. Examples. The main theorem of [1] is exactly the statementthat the classof
Pnite Peldsformsa 1-dimensionalasymptotic class
Similarly in [7] it is shown that any family of Pnite di»erencebelds

Ciminp) == f(Fpnk+m;ék): k2ug

wherem;n 2 U, p 2 U isprime, and 6 is the Frobeniusautomorphism, forms an
@ymptotic class Notice that in ultraproducts the automporphism interpreted by

oo 0F U isasolution of 6™ 8" = & and hence in the terminology of Ryten, is
a fractional power of the Frobeniusautomorphism

Now in [8] it has beenshown that eachfamily of Pnite simple groups of bPxed
Lie-rank is p-bi-interpr etable (in the senseof debnition 3.6) with either the classof
Pnite Peldsor one of the classen:n;p asabove Thus by 3.7 and 3.8 eachfamily of
Pnite simple groupsis an asymptotic class For more details se€[8].

We now turn to the Lie-coordinatizade structures This is a rich classof @-
categorical supersimplestructureswhich has beenthoroughly studiedin [2]. One
of the main resultsis that the algebraic characterisdion (in termsof coordinatizing
Lie-geometries)is equivalentto an abstract notion of beingsmoothy approximable,
that is in a strong sensebeing the inPnite limit of a classof Pnite structures (or
envelope$. A basicexampleisthat an @-dimensionalvector spaceis the union of a
sequencef Pnite-dimensionalvector spaceqthe envelopes)eachembediedin the
next. For more details se€[2].

4.1. Proposition. Let M be a Lie-coordinatized structure. Then there exists a
family E of Pnite envelopesfor M sothat E smoothy approximatesM , andE is a
rk(M )-dimensionabsymptoticclass

Proof. Let E beamaximal family of ervelopesfor M suchthat for eachdimen-
sion correspondingto an orthogonal spacethe parity of the dimensionis constantly
evenacrosskE. We shallrebneE in due course

projective geometryrespectvely, dePnefi%(d; ) := ( P G)% where q; is the size of
the basebﬁl of the j th canonical projective geometry or in the disintegrated case
Ady) =" dj
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Thenby proposition 5.2.20f [2], thereares2 U, a1;:::;as2 R,andnjg;:::;ni 2 U
sothat for eachE 2 E,

x
JEj=  a(AYdy))™ (A%d))"™
i=1
Mor eover the proof of 5.2.20f [2] actually givesthat for any dePnale subsetD

of M, therearebs;:::;bs 2 R, and mjy;:::;mi 2 u sothat for any E 2 E which
contalnsthe parametersfor D,

xs
jDEj=  bi(A%dy)™ (A%dr )™
i=1
(It may not betrue that the number of termsin the expressionfor jDj is the same
asthat for jEj, but by settingany extra b; or a; to zero, we may assumethat both
thesenumbersare equalto s.)
For eachi r, debPnen; ;= nj; + + N, and mj := mjy + + mj. Then,
by reordering the a; and by; if necessarywe may supposethat that N := n; = ny =
=n>nfori>1,ande:=m = mp = = mg > m; fori > k. Notice
that proposition 5.2.20f [2] givesthat a; > Ofori |,thatb; > Ofori Kk, that
N = 2rk(M), and that e = 2rk(D).
With this in mind, if necessar)by changingthe signsof a; fori > I, and b; for
i > k,andby debningfi(d;) := ( q,)dJ whereg |sthe3|zeofthebasebeldofthej th
canonical projective geometry or in the disintegrated casefi(d; ) := i (d,) =
we may rewrite this equdion as

P
iDej _ i bi(A(dy))™ (A(dy )™
=& - TF €
JEJ™ i1 & (f(dp) ™ (Ady )~
But let us supposefor a moment that we could allow the d; to rangeover the

positive realnumbers Thenfor eachx 2 R”>% wewould debPned = (dax; oo dix)
where dix = Iogqj (x?), unlessthe j th canonical projective geometry is disinte-

grated, in which case dix = x2. Then we would bnd that for corresponding
notional Ex and Dy := Dg,,

iDd _ _
. . e - X = e
JEXJW " IS 1 a_l)(nll XN N

j 1

PS m; m,
Ilbix i1 X Mir

) r .y M
o oy bixe * =k BXT

o oy N e
( i=1 aixN + =141 axm)n

k ' r M e
L im bt o bix™

(r ::1 ai+ zpeg @XM NN

(b +  +by)

(a+ +a)v

asx ! 1 sincefori > k wehavem; e< Oandfori> | wehaven; N < 0.
Now we will approximate this behaviour by suitable choice of natural-number

valued @ For x 2 R wewrite (x) to meanto the rounding of x to the nearest
integer, and &(x) := x (x). Thenfor eachQ 2 u, we may pick an evennatural
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numberag 2 u sothatdebning”; := a(ag log, (Q?)) for eachj correspondingto a
canonical projective geometry % <" < %. (This is provedby a straightforward
induction on the number of suchgeometries by consideringthe image of the map

n7! a(n log,(Q?) asasubsetof 3;3 .

canonicalprojectivegeometryis disintegrated, in which caseweletdjp = Q?®, and
"; := 0. Notice that disindependentof D. Thenwepndfor eachnon-disintegrated

. S ~ 1 3(a log, (@) "j) i
canonicalprojectivegeometryfi(diq ) = qizd‘Q = qu K V= Q® q ° ,and

similarly for eachdisintegrated projective geometryi(djq ) = (de)% = (Q%®)z =
Q%®. We adopt the convention that if the j th canonical projective geometry is
disintegrated theng; := 1.

R
iDoj _ _ iy bifi(dig)™ Ai(dig)™
Eoif — 7L af(dign  A(do)™

P 1 r
iS::L bi(ql z Qa@)m.l (qr z Qa@)mir

Ps 4+ ' 1 x
=1 a@i(0, *Q®)Mm (gr 2 Q%)
P« biq % q RS
“ b A
- P |l_l I l"lnu 'ﬂ o o(Q )
- o °

mj i

ThusasQ! 1 ,each"j ! O,soeachq * ! landg * ! 1. Therefore

DLy (B *b) 5srequired. Sowemay say (in the senseof debnition 2.1) that
JEjN (ag+  +a)N

— (& (by+  +by)
h(D) = (5 i —ar®)

Notice that the dimension/measueof asetisdeterminedby the polynomial which
givesits size, and for any ervelopeskE, E°both containing a that h( (E"; &) =
h( (E™; &) asthey are given by the samepolynomial (again seethe beginning of
the proof of 2.2in [2]). For any E 2 E, let bethe equivalencerelaion on E™
givenbyyw . , j (E™yj=j (E"¥)j. Thenin largeenoughE each -
classcorrespondsto a polynomial forj (E"; @®j. TheninanyE 2 E, the -classes
are invariant under Aut(E), hencethey are debndle in E over ;. But asM is
smoothly approximable (see5 and 7 of debnition 2.1.1 of [2]), it follows that the

-classesare debndle in M. ThenasM is @-categorical, there are only Pnitely
many possibilitiesfor tpy (3. This showsthat the setof -classesand hencethe
setof polynomials, and thus the setof dimension-measue pairsfor (g yg), is Pnite

Finally wemustshow that dimension/measureisdebndle. But the @-caegoricity
of M yieldsthat the -classesre ; -debndle, given (d;;i i) thereis a disjunction
fi(y) of the fi; (y) sothat h( (E"; @) = (di;ii), E F fi(a@): (this corresponds
to di»erent polynomials which yield the samemeasue).

Now if @ 2 A(M ™) then for all su¥acienty large E 2 E, we will have that
a2 A(E") by smooth approximability. This showsthat the dimensionand measue
of (E"; @ is uniformly debndle in all su¥acienty largeE. Thento dealwith the
Pnite number of exceptionally small E, for each(d;;i ;), weform the disjunction fi°
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of i with Pnitely many formulae of the form Th(E) » tpe (@ wherea@2 E™ is such
thath( (E"; @) = (di;1).

4.2. Coroll ary. Lie-coodinatizale structuresare measuable.

Proof. Givenadebndle setD in aLie-coordinatizedstructure, takea collection
of ervelopesE asin 4.1, and simply debneh(D) asin the proof of 4.1 above The
fact that this function saisbesdebnition 2.9isimmediae from the fact that E isan
asymptotic class

Now a structure is Lie-coordinatizable if it is ;-bi-interpretable with a Lie-
coordinatized structure By 3.7 the resultfollows.

In debnition 2.1 we deliberately allow the error term of the asymptotic estimaes
to be aslargeasposside. In the caseof Pnite belds[1] gives(asin the Lang-Weil
estimaes) an error term of CjM j¢ : for someconstantC 2 R™°. We might
therefore debnea Lang-Weil classto be an N -dimensionalasymptotic classwhere
we have error terms at leastastight asCjM j% . In somecaseghough we can
do better than this:

4.3. Proposition . If a Lie-coorinatized structure M asin the above proposition
involvesonly onecanonicalprojective geomety over a Pnitebeld,Fq say then,setting
N = 2rk (M), we get that for any debnake setD there exists C > 0 sothat for all
suvacienty largeE 2 E,

dim(p) dimp) 1

jDj meagD)JEj v < CJEj v N

Proof. Forr 2 Randn 2 u weOlusethe notation " C,, to denotethe genealised
: i 1/ i r(r 1) (r n+l)
b|nom.|al.coq:,/zlsment—p W P, .
SyjEj= ;a9 ,andjDj=; bi(" §)™, wheren; > np > > Ns,
andm; > my,> > ms. Thenfor constantsc; 2 R, and c® c® ¢0@ 008 00005 @
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and largeenoughd, we get

. b _.m
iDj —miEjm
a"
X xS my
— bl(p a)dmi bl(pa)dml 1+ Ci(p a)d(ni n) M
i=1 i=2

X X m x5 k
=" P o™ " (Rl ol @i ™
i=2 k=1 i=2
andasm; m; landn, n; 1lfori 2f2;:::;sg

X k
P a@m vepPgem T (o R @
k=1

X o k
P @™ V4P @™ VT (Hee) P @
k=0

X m k
Co(p g)dm Dy blcO((p g)im D my (7 Do Con g @
Lk=0
my

Co(p a)d(m1 14 COOep a)d(m1 1) 1+ CCD(p a) d ™

mp 1

Coou(p g)d(m 1)2000((((p a)dnl)’"}]—ll CO0OfE | "

x5. DimensionversusD -rank. In proposition 2.7 we showed that in asymptotic
classesD -rank is bounded above by dimension. The following demonstratesthat
this inequality may be strict:

5.1 Example. Let L := hRi whereR isaunary predicae. For eachn 2 u,
Mp:=f0;:::;n 1g fO;:::;n 19
R(Mp):=1f(0;i):0 i n 1g
Thenif C := fM,: n 2 0g, Cisa2-dimensionalclass,but any inbnite ultr aproduct
P isjust a setwhere R picks out an inbnite/co-inpPnite subset soD (P) = 1.

We now turn our attention to thosecircumstancesn which equality doeshold.

5.2. Debnition . If C isanN -dimensionabhsymptoticclassin alanguagL which

satispes
foreery (x;¥9 2 L andevery r 2 u, therearek;Q 2 u, where for eah

M 2 C Qandeahh @2 M™, thereareg(x; 8 2 L , wherl(m) = s say and

fa(x;@):1 1 rgisk-inconsistent
thenwe saythat C is imbricated
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Moreover, given (x;y9) 2 L , asr rangesover i, M overC <, andaoverM ™, if
the setof @ (X; @ andk usedcanbe chosento be bPnite thenwe saythat C is closely
imbricated

Notice that imbrication is a condition just on formulae in one variable (plus
parameters). The following proposition however showsthat (asin 2.2) it hascon-
sequence higher powers,and givesthe relaionship between(close)imbrication,
D -rank, and dimension.

5.3. Proposition . If C is sud that for any inPniteultraproductP of membes of
C,any (x; 2 L ,andany &2 P™, wehawdim( (P;&) = D( (P;a®), thenC
is imbricated.

Conversey if C iscdosel imbricated,thenfor any inPniteultraproductP, (g9 2
L ,and@2 P", wehawedim( (P";@) = D( (P";&®).

Proof. Supposeprstthat C isnot imbricated. Thenthereexist (x;y9 2 L and
r 2 0 sothat for all k; Q 2 0 thereareMy.q 2 C Q and &g 2 MQ?Q, wherefor all
g(x;® 2L andallf@;:::;@g MS, at leastone of the imbricaion properties
abovefaiIsQLet U beanon-principal ultrablteront, andletP := =, , Mqgq=U,
and @ := ~ ,,, @;=U. Supposenow for a contradiction that dim( (P; &) =
D( (P,®). Thenwecanbndk 2 u,g(x;® 2 L ,andf@:i 2 ug P*ssothat:

foreachi 2 0, PF a(x;@)! (X, ®
foreachi 2 U,D(g(P,@)) = D( (Pa) 1
fa(x;g):i 2 ugisk-inconsistent

Notice that by 2.7 the secondof theseforcesdim(g (P;@)) dim( (P;a) 1.
But thentheremustexist U 2 U whereforall Q 2 U:

forl i r,MgoF 2(Xx@Mgq))' (X @)
for1 i r,dim(@(Mqqi@(Mq)) dim( (Mgq;ae)) 1
fo(x;@(Mgg)):1 i rgisk-inconsistent

By choosingQ 2 U with Q  k, wegeta contradiction by cho@:eof M.

Conversey supposethat C is closey imbricated, that P = ~,,, M=U is a
non-principal ultraproduct of membersof C, and that dim( (P";a&) = d. WeOll
show that if d > 1, thenwe can bnda uniformly debndle k-inconsistentfamily of
(d 1)-dimensionalsubsetsof (P";a). We proceedby induction on n. First we
assumewithout lossof geneality (by adding constantsto the language)that a&= ;.

Whenn = 1weknow that thereisU 2 U wherefor eachM 2 U,dim(M) = d,
and by close imbrication that there are U U with U°2 U, g(x;® 2 L,
I((M)2 0,andf@gM):i 21(M)g MSsoasjMj! 1 inU%I(M)! 1,
and fg(x;@(M)):i 2 1 (M)g debnesan arbitrarily large k-inconsistent family
ej (d 1)-dimensional subsetsof (P), just asbefore Hencein P, taking @ :=

i2) @M)=U,fg(P@):i 2 |gisasrequired.

Now supposethat n > 1, and that the result holds for all dePndle sets of
P,P2;:::;P" 1. Asd > 1it mustbethat (P") hasan inbnite projectedimage
onto someco-ordinate. Without lossof geneality, assumethat it is the brst. That
isdim(d.( (P™) = r > 0. Debne
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Now asa variesin 81( (P")), thereare bnitely many dimension/measuee pairs, say
(e;;1 1);::1; (&1 ) which 4(P" 1) cantake
For each(g;i ), debne

A = fa2 8y (P"): (dim, meas)( a(P" 1) = (8:11)g

Now if g = d for somel, anda 2 A, then by the inductive hypothesiswe can
Pnd a uniformly debndle k-inconsistentfamily of (d  1)-dimensional subsetsof

a(P" 1), sayf@.(P" L;@):i 2 1g,andthenff ag @.(P" % @):i 2 | gworks
for (P"). Hencewe may assumethat for all I, g < d.

(f ;1)) == (dim, meas)@,)
Then

G
(dim, meas) fag a(P"hH =(a+f;i 1)
az2A

Mor eover (P") isthe disjoint union overl of all thesesets,hence
Maxfg +f;:1 | tg=d

Say this is attained at 1°. Then asnoted above go < d, sof o 1. Therefore, by
the inductive hypothesisapplied to Aje thereis a uniformly debPndle k-inconsistent
family fg(P;@):i 2 I gof (f o 1)-dimensionalsubsetsof A.. Finally therefore
n G 0
fag a(P" Y):i 21
a2 g (P,@)

is a k-inconsistentfamily of subsetsof (P"), and eachone hasdimension go +
(fre 1)=d 1,asrequired.

So we have shown that for d > 0, and for any d-dimensionaldebndle setin P,
thereis k > 0 and a uniformly debndle inPnite k-inconsistentfamily of (d  1)-
dimensional subsets A straightforward induction on d now provesthat on all
debndle setsin P, dimensionand D -rank agree

5.4. Coroll ary. In any 1-dimensionatlass dimensiorandD -rank agree

Proof. Let C beal-dimensionalclass Weneedonly to show that C isclosel im-
bricated. Let (x;y@ 2 L . Thenif M 2 Cand®@2 M ™, eitherdim( (M;a&) = 0
in which casewe have nothing to show, or dim( (M;a) = 1. But in this casewe
can bnd a family of 0-dimensional subsetsof (M;a) which are pairwise incon-
sistent and whosenumber grows with jM j, namely the points of (M; a), debPned
by x = c.

The next is an example of an imbricated classin which dimensionand D -rank
fail to agree and shows that the gap betweenimbrication and closeimbrication is
geruine.

5.5. Example. Let L := MRjij2y whereeachR; is abinary predicae. For each
n2 u debne
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where

ar= by =1i; or

My F Ri(a;b) ¥ a; = byanda; = by

wherea = (az;az), b = (bg;b2). Then %isimbricated. But taking a non-principal
ultrablter U on u, and debningP := = ,, M,=U we bndthat P hasD-rank 1,
and that C is not closel imbricated.

x6. Stableclasses.

6.1. Proposition . Let C beacdassof bniteL -structures Thenthe following are
equvalent

1. Every inPniteultraproductof membes of C is stalde.
2. For every L -formula (29 thereis K 2 u whereforeahhM 2 C theredo

notexistfa;§:i KginM sothatM F (a&;8), i .

Proof. Supposethat 2 fails. Then there exists (xg 9 so that for eachK 2 u
thereisMy 2 Candfak ;i :i Kg Mg whereMg FQ (i 8g), 1 .
Let U(S)e a non-pri&cipal ultrablteron u, ang let P := ou Mk U. Debne
@ = o @k ]k:i+1 & Uand§ = *_ B i:i+l i U. Then
PF (®;8), i j,soPisunsteble

Conversey supposel fails. Then there exists an unstable inPnite ultr aprod-
uct P of membersof C. Then there are ()gy9 and f@;@.: i 2 0g P
Wherer: (@:8), i j.letK2u0. ThenPE 4, « (@§)"

o i k- (@& H) sothereexistU 2 U wherefor allk 2 U we have My

@M);gMm), i j.

6.2. Debnition . Wecall C stableif it satisPed and2 of proposition6.1

We now rework the following standard dePnitions for convenience seefor in-
stance[3]:

6.3. Debnition . A stade structure M is functionally unimodular if wheneer
f1;f2: Al B are debnale maps and k1; k, natural numbes sud that for all
b 2 B wehawforeahi 2 f1;2g, jf ; 1f bgj = ki, thenk; = ko.

A typep 2 S(B) in a stade structure M is multiplicially unimodularif when-
ever dp;:::;dnjer;iiisen 2 p(M), fdyg;:::;dhg and fep;:::;e,g are ead adg-
independentandadg (& = adg (@, thenMult (d&@ = Mult (&d.

It is easyto show that measugble structuresare functionally unimodular. The
following however seemdo be absentfrom the literature:

6.4. Lemma.If M is a functionally unimodular state structure andp 2 S(B)
a minimal type (i.e a stationarty type of U-rank 1) in M, then p is multiplicially
unimodular

Proof. Let p beasin theabovedePnition. WetakeM to besomevhat saurated,
andB M to besmall.

Let p%9 = tp(dy;:::;d,=B) = tp(ey;:::;e=B)=p p p, and let
q0gy9 = tp(dy;:::;dn;er;iii€=B) ) pY@ " pYd. Let ky := Mult( & and
k, := Mult (d&@). Let 8; and 8, be the projection maps from gq(M "; M ") onto the
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prstand secondn coordinatesrespectvely. Thenfori 2 f1;2g, Im(&;) = pqM ")
and 9; is everywhere k;-to-1.

Claim. Thereis (2 ¥ 2 q(>g, \9 sothat 8; andd,, whenextendedto (M "™;M "),
havethe samerange and are everywhere k;-to-1 and k,-to-1 respectvely.

The claim Pnishesthe proof, aswe may now apply the depbnition of functional
unimodularity to concludethat k1 = k».

Proof of Claim. Supposenot. Then for each (Y 2 q(gy there is

AN

M E ( @6 &))" ( KeH) @)
1 i< kgtl 1 i<j kol
and

MF 9 (9" 9% (ga®) _ 19;15(&30)“9% (2 @) |

ke 1 : kp 1 :

_ (@M =fa;::Emg - 0 (MM @ =B Hg

i=1 i=1

_ fa;n@ag  (@M")_ B Bmg (MY (8)

which saispes(7) and (8) for every 2 q.
Casel: thereis 2 q, where

MFE 9 (@9" 9% (ga)_ 9w (@9 " 9% (2®):

Without lossof geneality supposethat the brstdisjunctholds. Thenforanyg 2 q,
ifM F 9 ywo(ay, then( "g)(@M")=( ~g)(M";a = ; which contradicts

. Henceforallg 2 q, M F 9w (a9 and so by compactnessand saturation,
@2 0:(gq(M™;M ")), butasM F 9 w (g &), wehavea2 d,(q(M "; M ")), which
is a contradiction.

Case2: thereis 2 q, where

k1 1 ) kz 1 )
ME = (@M")=fa;:::;&@g _ (MM @=f8;::: Hg
i=1 i=1
Again suppose the brst disjunct holds. Then for any 8 2 q, we have
( "o)mgM") (®M"). If ( o) a@M") = ; for any 8 2 q, then
either ( * g)(@M") = ( ~ @g)(M";@® = ; which again contradicts (8), or

M E 9 "a)wa®d”:( ~o)ay) socasel applieswith * g in place
of . Otherwise® 2 8;(q(M™;M"), but 1  jd, 'famj ki 1, whichisa
contradiction.

Case3: forall 2 g, wehave

ME fa;: ;&0 (@M")_ 88,0 M"; &)
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Thenas( " g)(@M") (@M ™M), it must bethe casethat for all 2 g wehave
M F fa;::;;@+19 ( "o)@M"). Thereforefa;:::;&,+19 0, 't am,
which is a contradiction.

The bPnalresultisin terms of local modularity: an important notion in geometric
stability theory. A stable structure M is said to be locally modularif for any two
setsA and B, it holds that A and B are independentover acl(A) \ acl(B). There
are several equivalent formulations, seefor instance[6] for more details

6.5. Proposition . Stable measuable structuresarelocally modular In particular,
any stale inbniteultraproductfroman asymptoticcassis locally modular

Proof. Let M be measueble and steble. Then M is supersimpleby 2.7, and
of pnite U-rank (sinceU(M) = D(M)). As M is stable and supersimple it is
superstdle and by 2.5.80f [6] it suYacesto show that any minimal type p in M is
locally modular. Mor eover M is functionally unimodular, and so by lemma 6.4,
p is multiplicially unimodular. But then by 2.4.15of [6] (seealso [3]), p is 2-
pseudolinear and henceby 5.3.20f [6], locally modular.
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