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ASYMPTO TIC CLASSES OF FINITE STRUCTURES

RICHARD ELWES

x1. Intr oduction. In this paper we considerclassesof Þnite structureswhere we
havegoodcontrol over the sizesof thedeÞnablesets. The motivating exampleis the
classof ÞniteÞelds: it wasshown in [1] that for any formula � ( øx ; øy) in the language
of rings, there are Þnitely many pairs (d; ì ) 2 ù � Q> 0 so that in any ÞniteÞeldF
and for any øa 2 Fm the size j� (Fn; øa)j is ÒapproximatelyÓì jFjd . Essentially this is
a generalisation of the classicalLang-Weil estimatesfrom the category of varieties
to that of the Þrst-order-deÞnable sets.

Moti vated by this, wesay that ÞniteÞeldsform a 1-dimensionalasymptoticclass.
MacphersonandSteinhornin [5] havestudiedtheseclassesin abstract. Generalising
this, in 2.1 below we deÞneN -dimensionalasymptoticclassesfor natural numbers
N � 1, andbeginto developtheir general theory. In that deÞnition,wehaverelaxed
the asymptotic conditions (the meaningof ÒapproximatelyÓabove), to encompass
to the widestpossible rangeof examples. Weprove in corollary 2.8 that our classes
lie within the general context of supersimpletheoriesof Þniterank.

In section3 weconsiderhow to deÞneand interpret asymptoticclassesinsideone
another, and in proposition 3.7 we show that the property of being an asymptotic
classis invariant under bi-interpretations. In section4 we give someexamplesof
asymptotic classes,in particular, in proposition 4.1 we show that the smoothly
approximable structures comprehensively studied in [2] Þt into our framework.
In section 5 we re-examine the relationship betweendimension and D-rank. In
section 6 we consider stable asymptotic classes. We show that stability can be
detectedwithin the Þnite structures in our context, and in proposition 6.5, we
observe that stable asymptotic classesare locally modular.

Not ation . If U is a (non-principal) ultr aÞlter on a set I and f M i : I g is a
collection of L -structures,we denote the ultr aproduct by P =

Q
i 2 I M i

�
U , and

for øa = (a1; : : : ; an) 2 Pn, we shall write øa(M ) = (a1(M ); : : : an(M )) to mean
the tuple of co-ordinates of øa in M , so that for each j 2 f 1; : : : ; ng we have
aj =

Q
i 2 I aj (M i )

�
U .

If M is an L -structure, we write Def (M ) for the collection of all parameter-
deÞnable setsin all powersof M .

Received January 23,2005.

c
 0000, Association for Symbolic Logic
0022-4812/00/0000-0000/$00.00

1



2 RICHARD ELWES

x2. BasicdeÞnitionsandlemmas.

2.1. DeÞnition . Let L be a countable Þrst order language, N 2 ù , and C a
classof Þnite L -structures. Then we say that C is a an N -dimensionalasymptotic
classif for every L -formula � (x; øy) where l ( øy) = m, there is a Þnite set of pairs
D � (f 0; : : : ; N g � R> 0) [ f (0; 0)g and for each (d; ì ) 2 D a collection¸ (d;ì ) of
elementsof theform (M; øa) whereM 2 C and øa 2 M m, sothat f ¸ (d;ì ) : (d; ì ) 2 Dg
is a partition of ff M g � M m : M 2 Cg, and

j� (M; øa)j � ì jM j
d
N = o(jM j

d
N )

asjM j � ! 1 and(M; øa) 2 ¸ (d;ì ) .
Moreover each ¸ (d;ì ) is deÞnable, that is to say f øa 2 M m : (M; øa) 2 ¸ (d;ì )g is

uniformly ; -deÞnable acrossC.
Wemaywrite D � for D , andwill call f ¸ (d;ì ) : (d; ì ) 2 Dg a (deÞnable)asymptotic

partition.
Wewrite h(� (M; øa)) := (dim(� (M; øa)) ; meas(� (M; øa))) := (d; ì ) where(M; øa) 2

¸ (d;ì ) , exceptthat if d = ì = 0wework with theconventionthat dim(� (M; øa)) = � 1.
Wecall C a weakasymptoticclasswhenC satisÞestheasymptoticcriteria, but the

¸ (d;ì ) may fail to bedeÞnable.

Notice that an N -dimensionalclassis alsoan rN -dimensionalclassfor all r 2 ù .
We will usually chooseN minimal so that the deÞnition is satisÞed.

It is immediate that the collection of all asymptoticclassesis closedunder taking
subclassesand Þniteunions,and under expansionsof the languageby Þnitely many
constants.

The above deÞnition deals only with L -formulae in one variable (plus para-
meters). However the next lemma shows that the corresponding statement for
L -formulae in morevariablesfollowsautomatically.

2.2. Lemma. If C is anN -dimensionalasymptoticclass, thenfor every L -formula
� ( øx ; øy) where l ( øx ) = n andl ( øy) = m, there is a Þnitesetof pairs

D � (f 0; : : : ; Nng � R> 0) [ f (0; 0)g

anda partition f ¸ (d;ì ) : (d; ì ) 2 Dg of f f M g � M m : M 2 Cg sothat

j� (M n; øa)j � ì jM j
d
N = o(jM j

d
N )

asjM j � ! 1 and(M; øa) 2 ¸ (d;ì ) .
Again each ¸ (d;ì ) is deÞnable.

Proof. We proceedby induction on n. The casen = 1 holds by assumption,
so supposethat it holds for all L -formulae � 0( øx ; øy) where l ( øx ) � n. Consider
now � (z; øx ; øy ) where l ( øx ) = n, l ( øy) = m. By the casen = 1, there exists ± =
f (e1; ì 1); : : : ; (et ; ì t )g � f 0; : : : ; N g � R> 0 [ f (0; 0)g where f ¸ (ei ;ì i ) : 1 � i � tg
is a deÞnable and asymptotic partition of ff M g � M n+ m : M 2 Cg. Say for
1 � i � t , M 2 C, and ( øb; øa) 2 M n+ m that M j= ÷i ( øb; øa) ( ) (M; øb; øa) 2 ¸ (ei ;ì i ) .
Now by theinductivehypothesis,for eachi thereis± i = f (di 1; í i 1); : : : ; (dir i ; í ir i )g �
f 0; : : : ; Nng� R> 0 [ f (0; 0)g andadeÞnableasymptoticpartition f X ij : 1 � j � r i g
of

�
f M g � M m : M 2 C

	
corresplondingto ÷i . Say M j= ñij ( øa) ( ) (M; øa) 2

X ij ( ) h(÷i (M n; øa)) = (dij ; í ij ).
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Given M 2 C and øa 2 M m, there is a unique function f : f 1; : : : ; tg ! ù so
that for all i 2 f 1; : : : ; tg, M j= ñif (i ) ( øa). Notice that for eachi , f (i ) 2 f 1; : : : ; r i g,
so the set of all possible such f is Þnite. We now Þx f and consider M and øa
compatible with f .

DeÞne Si ( øa) := f (z; øx ) 2 M n+1 : M j= � (z; øx ; øa) ^ ÷i ( øx ; øa)g. Then
� (M n+1 ; øa) =

F t
i =1 Si ( øa). WeÕllshow that

jSi ( øa)j � ì i í if (i ) jM j
dif (i ) + ei

N = o
�

jM j
dif (i ) + ei

N

�

Supposethat ei > 0 and dif (i ) > 0 (the caseswhereei = 0 or dif (i ) = 0 aresimilar,
noting that if dif (i )=0 then for largeenoughM , we have j÷(M n; øa)j = í if (i ) , etc).
Let " > 0. Let " 0 := Min f "; 3ì i í if (i )g. Then for all su¼ciently largeM , wehave

�
�
�
� j÷i (M n; øa)j � í if (i ) jM j

dif (i )
N

�
�
�
� <

" 0

3ì i
jM j

dif (i )
N

and for all øx 2 ÷i (M n; øa),
�
�
� j� (M; øx ; øa)j � ì i jM j

ei
N

�
�
� <

" 0

3í if (i )
jM j

ei
N

As

jSi ( øa)j =
X

øx 2 ÷i (M n; øa)

j� (M; øx ; øa)j

wehave
�

í if (i ) �
" 0

3ì i

� �
ì i �

" 0

3í if (i )

�
jM j

dif (i )+ei
N < jSi ( øa)j

<
�

í if (i ) +
" 0

3ì i

� �
ì i +

" 0

3í if (i )

�
jM j

dif (i )+ei
N

and so
�
�
� jSi ( øa)j � ì i í if (i ) jM j

dif (i ) + ei
N

�
�
� < " jM j

dif (i ) + ei
N s

asrequired.
Now let d := Max

�
dif (i ) + ei : i 2 f 1; : : : ; tg

	
, A :=

�
i 2 f 1; : : : ; tg: dif (i ) + ei = d

	
,

and ì :=
P

i 2 A ì i í if (i ) . Then
P

i 2 A jSi ( øa)j � ì jM j
d
N = o(jM j

d
N ). But for each

i =2 A wehavedif (i ) + ei < d, so in fact
P t

i =1 jSi ( øa)j � ì jM j
d
N = o(jM j

d
N ), that is

j� (M n+1 ; øa)j � ì jM j
d
N = o(jM j

d
N ).

As the setof possible f earlier wasÞnite, it follows that the correspondingsetof
(d; ì ) is alsoÞnite. Notice alsothat eachdif (i ) 2 f 0; : : : ; Nng, and ei 2 f 0; : : : ; N g,
sod 2 f 0; : : : ; N (n + 1)g.

Now we need to show deÞnability. Consider some speciÞc(d; ì ), and let
f f 1; : : : ; f pg be the setof functions f which yield (d; ì ). DeÞne

æ(d;ì )( øy) :=
p_

j =1

t̂

i =1

ñif j (i )( øy)s
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This deÞnes
p[

j =1

t\

i =1

X if j (i )

which is the desired set. �
We shall want to speak of dimension and measure in the context of inÞnite

ultr aproductsof membersof an asymptotic class:
2.3. DeÞnition . Let C beanN -dimensionalasymptoticclassin a languageL , P

bean inÞniteultraproductof membersof C, and� (Pn; øa) bea L -deÞnableset. Then
asD � is Þnite, for someunique(d; ì ) 2 D � wehave

f M 2 C : (M; øa(M )) 2 ¸ (d;ì )g 2 U:

In this sensewewrite (dim; meas)( � (Pn; øa)) := (d; ì ).

2.4. DeÞnition . Let C bea classof ÞniteL -structures. Thenfor each Q 2 ù we
deÞneC � Q := f M 2 C : jM j � Qg, and

Th(C) := f ó : ó is anL -sentenceand9Q 2 ù such that

8M 2 C � Q wehaveM j= óg

2.5. Proposition . Let C beanasymptoticclass. Thenthefollowingareequivalent:
1. For each � ( øx ) 2 L thereare(d; ì ) 2 D � andQ 2 ù such that for all M 2 C � Q

wehaveh(� (M n)) = (d; ì ).
2. Th(C) is complete.
3. For any inÞniteultraproductsP1 andP2 of membersof C wehavethat P1 � P2.
Proof. The fact that (2) and (3) are equivalent is straightforward and holds for

any classof ÞniteL -structures.
Supposenow that (1) holds. Let P1 and P2 beinÞnite ultr aproductsof members

of C, and let ó bean L -sentence. Then for i 2 f 1; 2g wehave

Pi j= ó , h(f x 2 Pi : (x = x ) ^ óg) = h(Pi )

But by (1) weknow that thereisQ 2 ù whereh(f x 2 M : (x = x ) ^ óg) isconstant
acrossC � Q. So in fact

P1 j= ó , for M 2 C � Q wehaveh(f x 2 M : (x = x ) ^ óg) = h(M )

, P2 j= ó

Now supposethat (1) fails. Then there are � ( øx ) 2 L and arbitr arily large
pairs M 1; M 2 2 C suchthat h(� (M n

1 )) 6= h(� (M n
2 )). As D � is Þnite, we may Þnd

(d1; ì 1); (d2; ì 2) 2 D � and unboundedsequencesf M 1j : j 2 ù g; f M 2j : j 2 ù g �
C so that for all j 2 ù wehave

h(� (M 1j )) = (d1; ì 1) 6= (d2; ì 2) = h(� (M 2j ))

Now let U be a non-principal ultr aÞlter on ù and for i 2 f 1; 2g let Pi :=Q
j 2 ù M ij

�
U . By the deÞnability of dimension/measure in C there are sentences

ó1; ó2 2 L where for i 2 f 1; 2g and all M 2 C

M j= ói , h(� (M n)) = (di ; ì i )

HenceP1 6� P2 asP1 j= ó1 ^ (: ó2) but P2 j= (: ó1) ^ ó2. �
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For the readerÕs convenience, werecall the deÞnition of ShelahÕs D-rank (seefor
instance5.1.13of [9]):

2.6. DeÞnition . Let M be a Þrst order structure. We deÞnethe D-rank of a
formula � ( øx ; øa) recursively asfollows:

� D (� ( øx ; øa)) � 0 if � ( øx ; øa) is consistent.
� For all ordinals � , D (� ( øx ; øa)) � � + 1 if there exist ø ( øx ; øy) and a sequence

f øci : i 2 ù g, indiscernible over øa, sothat:
Ð For each i 2 ù , M j= ø ( øx ; øci ) ! � ( øx ; øa)
Ð For each i 2 ù , D(ø ( øx ; øci )) � �
Ð Thereexists k 2 ù , sothat f ø ( øx ; øci ) : i 2 ù g is k-inconsistent.

� For limit ordinals� , D (� ( øx ; øa)) � � , if for all â < � , D (� ( øx ; øa)) � â.

Recall that a Þrst-order theory T is supersimpleif and only if every formula in
every model of T hasordinal D -rank.

We now prove a result linking the dimension and D-rank in ultr aproducts of
asymptotic classes. In forthcoming work in [4] we tackle the samequestionat the
more general level of inÞnite measurable structures(see2.9 below). However we
retain the current proof here for its Þnitary nature.

2.7. Proposition . Let C beanN -dimensionalasymptoticclass, andP =
Q

M
�

U
an inÞniteultraproductof members of C. Then for all L -formulae � ( øx ; øy) and all
øa 2 Pm, D (� (Pn; øa)) � dim(� (Pn; øa)) .

Proof. By shrinking C if necessary, we may assumethat U is a non-principal
ultr aÞlter on C. We proceedby induction, and show that if D (� (Pn; øa) � r , then
alsodim(� (Pn; øa) � r . Notice that the caser = 0 is tri vial asit is just thecondition
that � (Pn; øa) isnon-empty, andr = 1 is thecondition that U containsa setin which
� (M n; øa(M )) is unbounded. Supposenow that the result holds for all r � s, and
that D(� (Pn; øa)) � s + 1. Then there exist ø ( øx ; øz) and an indiscernible sequence
f øci : i 2 ù g in Pm suchthat:

� For all i 2 ù , P j= ø ( øx ; øci ) ! � ( øx ; øa)
� For all i 2 ù , D(ø ( øx ; øci )) � s
� There existsk 2 ù so that f ø ( øx ; øci ) : i 2 ù g is k-inconsistent.

DeÞne

U 0
i := f M 2 C : ø (M n; øci (M )) � � (M n; øa(M ))g;

V 0
i := f M 2 C : dim(ø (M n; øci (M ))) � sg;

and for any distinct i1; : : : ; ik 2 ù deÞne

Wi1;:::;ik := f M 2 C :
k̂

j =1

ø (M n; øci j (M )) = ;g :

Then by the inductive hypothesiswe know that U 0
i ; V 0

i ; Wi1;:::;ik 2 U. Also by the
inductivehypothesisweknow that

f M 2 C : dim(� (M n; øa(M )) � sg 2 U:

Henceeither

V := f M 2 C : dim(� (M n; øa(M )) = sg 2 U;
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or

f M 2 C : dim(� (M n; øa(M )) � s + 1g 2 U:

Supposefor a contradiction that the former holds. For eachQ � k deÞne

VQ :=
� Q\

i =0

U 0
i

�
\

� Q\

i =0

V 0
i

�
\

� ik = Q\

0� i1<i 2< ��� <i k

Wi1;:::;ik

�
\ V

Notice that VQ 2 U and that VQ+1 � VQ. Also for conveniencewe write A i :=
ø (M n; øci (M )) (which M weÕre working in will beclear from context). Now for all
M 2 VQ and all i � Q, the following hold: A i � � (M n; øa(M )), dim(A i ) � s, and
dim(� (M n; øa(M ))) = s. Hencefor all su¼ciently largeM 2 VQ, it must hold that
dim(A i ) = s, and (by shrinking VQ if necessary)we may supposethat this holds
for all M 2 VQ. Now,

j� (M n; øa(M )) j � j
Q[

i =0

A i j

=
QX

i =0

jA i j �
i2= QX

0� i1<i 2

jA i1 \ A i2 j + : : :

+ (� 1)k
ik� 1= QX

0� i1< ��� <i k� 1

jA i1 \ � � � \ A ik� 1 j

Mor eover, by indiscernibility, for all j ; i1; : : : ; i j +1 ; i 0
1; : : : ; i 0

j +1 � Q, we have
h(ø (Pn; øci1) \ � � � \ ø (Pn; øci j +1 )) = h(ø (Pn; øc0

i1) \ � � � \ ø (Pn; øc0
i j +1

)). Thus we

may Þnd fVQ � VQ in U , ì 2 R> 0, and (d0; ì 0); : : : ; (dk� 2; ì k� 2), so that for all
M 2 fVQ, wehaveh(� (M n; øa(M ))) = (s;ì ), and for all j 2 f 0; : : : ; k � 2g and all
i1; : : : ; i j +1 2 ù , wehaveh(A i1 \ � � � \ A i j +1 ) = (dj ; ì j ).

Thus for all " > 0 and all su¼ciently largeM 2 fVQ,

j� (M n; øa(M )) j � (Q + 1)(ì 0 � " )jM j
d0
N �

(Q + 1)Q
2

(ì 1 + " )jM j
d1
N + : : :

+ (� 1)k (Q + 1)Q : : : (Q + 2 � k)
(k � 1)!

�
ì k� 2 + (� 1)k� 1"

�
jM j

dk� 2
N

Cl aim.

s = d0 > d1 > � � � > dk� 2 > � 1

Proof of Cl aim. We know that s = d0 � d1 � � � � � dk� 2 � � 1. Sup-
pose for a contradiction that strict inequalities do not hold throughout. Let
l := Maxf l 0: dl 0 = dl 0+1 g. Then for all " > 0 and all su¼ciently largeM 2 fVQ,

(ì l + " )jM j
dl
N � jA0 \ � � � \ A l j � j

Q[

i = l +1

A0 \ � � � \ A l \ A i j
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Now usingthe inclusion/exclusion principle weget

(ì l + " )jM j
dl
N �

QX

i = l +1

jA0 \ � � � \ A l \ A i j

�
i2= QX

l +1 � i1<i 2

jA0 \ � � � \ A l \ A i1 \ A i2 j + : : :

+ (� 1)k� 1� l
ik� 2� l = QX

l +1 � i1<::: ik� 2� l

jA0 \ � � � \ A l \ A i1 \ � � � \ A ik� 2� l j

So

(ì l + " )jM j
dl
N � (Q � l )( ì l +1 � " )jM j

dl
N �

�
Q � l

2

�
(ì l +2 + " )jM j

dl +2
N + : : :

+ (� 1)k� 1� l
�

Q � l
k � l � 2

�
(ì k� 2 + (� 1)k� 2� l " )jM j

dk� 2
N (1)

However for largeenoughQ and small enough" , we have (Q � l )( ì l +1 � " ) >
ì l + " , and then by taking largeenoughM 2 fVQ wemay contradict equation (1),
asdl > dl +2 > � � � > dk� 2. QED Cl aim

A similar argument now completesthe proof: we have, for all Q 2 ù , all " > 0
and all su¼ciently largeM 2 fVQ

(ì + " )jM j
s
N � j� (M n; øa(M )) j

� (Q + 1)(ì 0 � " )jM j
s
N �

�
Q + 1

2

�
(ì 1 + " )jM j

d1
N + : : :

+ (� 1)k
�

Q + 1
k � 1

� �
ì k� 2 + (� 1)k� 1"

�
jM j

dk� 2
N

wheres > d1 > � � � > dk� 2, so just asin the proof of the claim, for largeenoughQ,
small enough" , and largeenoughM 2 fVQ, wehavea contradiction. �

2.8. Cor oll ary. Any ultraproductof anN -dimensionalasymptoticclassis super-
simpleof D-rank at mostN .

Proof. Simply apply the previous proposition to x = x . �

Thereisabroaderclassof inÞnitestructureswhich admit dimensionandmeasure,
which havebeenstudied in [5]. We give the deÞnition here:

2.9. DeÞnition . An inÞnite L -structure M is measurable if there is a function
h : Def(M ) ! (ù � R> 0) [ f (0; 0)g (wewrite h(X ) = (dim(X ); meas(X )) such that
the followinghold:

1. For each L -formula � ( øx ; øy) there is a ÞnitesetD � (ù � R> 0) [ f (0; 0)g, so
that for all øa 2 M m wehaveh(� (M n; øa)) 2 D .

2. If � (M n; øa) is Þnitethenh(� (M n; øa)) = (0; j� (M n; øa)j).
3. If � (M n; øa) is a deÞnablesetandø ( øx ; øy) andf øci : i 2 ù g areindiscernible over

øa such that M j= � ( øx ; øci ) ! � ( øx ; øa), dim(� ( øx ; øci )) � n, and for somek the
collectionf � ( øx ; øci ) : i 2 ù g is k-inconsistent,thendim(X ) � n + 1.
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4. Let X; Y 2 Def (M ) and f : X ! Y be a deÞnable surjection. Then there is
r 2 ù and(d1; ì 1); : : : ; (dr ; ì r ) 2 (ù � R> 0) [ f (0; 0)g sothat if

Y i := f øy 2 Y : h(f � 1( øy)) = (di ; ì i )g;

thenY = Y1 [ � � � [ Yr is a partition of Y into non-emptydisjointdeÞnablesets.
Let h(Y i ) = (ei ; í i ) for i 2 f 1; : : : ; rg. Also let c := Maxf d1+ e1; : : : ; dr + er g,
and supposethis maximum is attainedby d1 + e1; : : : ; ds + es. Then h(X ) =
(c; ì 1í 1 + � � � + ì sí s).

5. For every L -formula � ( øx ; øy) andall (d; ì ) 2 D � , theset

f øa 2 M m : h(� (M n; øa)) = (d; ì )g

is ; -deÞnable.

If X 2 Def (M ) andh(X ) = (d; ì ), wecall d thedimensionof X andì themeasure
of X , andh themeasuringfunction.

Wesaythat a completetheory T is measurableif it hasa measurable model.

Notice that 3 above ensuresthat for all measurable structuresM and all X 2
Def (M ) we have D(X ) � dim(X ). In forthcoming work (see[4]) it is shown that
this condition in fact follows from the others.

x3. New classesfromold. Considernow a weakasymptoticclassC in a language
L , andauniformly deÞnablesetXM for eachM 2 C. I want to treat f XM : M 2 Cg
asa classof Þnitestructures. First wehaveto considerwhich Þrst-order languages
are appropriate for this class. There are many languagesone might choosesubject
to the context, but the following givesa minimum criterion that any of them should
satisfy.

3.1. DeÞnition . Let C be a weak asymptoticclassC in a language L , and let
� ( øx ; øy) beanL -formula with l ( øx ) = n andl ( øy) = m. DeÞne

� (C) := f � (M n; øa) : M 2 C; øa 2 M mg

Let L 0 bea Þrst-order language such that � (C) is a classof L 0-structures. We say
L 0 is suitableif for any ø 0( øz0; øw0) 2 L 0 (say l ( øz0) = s and l ( øw0) = r 0) there is
ø ( øz; øw) 2 L (where l ( øz) = n � s andl ( øw) = r ) sothat for every X = � (M n; øa) 2
� (C) andevery øb0 2 X r 0

there is øb 2 M r sothat ø 0(X s; øb0) = ø (M n�s; øb).

3.2. Lemma. If C is an N -dimensionalweak asymptoticclass, and � ( øx ; øy ) is an
L -formula with l ( øx ) = n and l ( øy) = m. Then � (C) is a weak asymptoticclassin
any suitable languageL 0.

Proof. For (d; ì ) 2 D � deÞne� (C)(d;ì ) := f � (M n; øa) : (M; øa) 2 ¸ (d;ì )g. As D �

is Þnite, it is su¼cientto show that � (C)(d;ì ) is a d-dimensionalweak asymptotic
classin L 0, under thefunction H (ø (� (M n; øa); øb)) := (e; í

ì
e
d

), whereh(ø (M n; øb) \

� (M n; øa)) = (e;í )). For conveniencewe will suppressthe parameters øa occuring
in � .
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Let " > 0 and choose" 1 > 0 and " 2 > 0 so that " 1 < ì
2 ,

�
�
� í � "2

(ì � "1)
e
d

� í
ì

e
d

�
�
� < " , and

�
�
�

(í � "2)(1� 2"1
ì )

e
d

(ì � "1)
e
d

� í
ì

e
d

�
�
� < " . Then for largeenoughM 2 C wehave

�
�
� j� (M n)j � ì jM j

d
N

�
�
� < "1jM j

d
N (2)

and
�
�j(� ^ ø )(M n)j � í jM j

e
N

�
� < "2jM j

e
N (3)

Clearly (2) givesthat

jM j
d
N <

1
ì

�
j� (M n)j + "1jM j

d
N

�

and sousing(2) again

jM j
d
N <

1
ì

�
j� (M n)j + "1

�
1
ì

�
j� (M n)j + "1jM j

d
N

� ��

Continuing in a similar way, weÞndthat for all r 2 ù wehave

jM j
d
N <

1
ì

�
1 +

"1

ì
+ � � � +

"1
r

ì r

�
j� (M n)j +

"1
r+1

ì r+1 jM j
d
N

and so taking the limit asr ! 1 weget that

jM j
d
N <

1
ì � "1

j� (M n)j (4)

and substituting this back into (2), weget

ì jM j
d
N > j� (M n)j � "1jM j

d
N >

�
1 �

"1

ì � "1

�
jM j

d
N

soby this and (4) weget

1 � 2"1
ì

ì � "1
j� (M n)j < jM j

d
N <

1
ì � "1

j� (M n)j

and therefore
�

1 � 2"1
ì

� e
d

(ì � "1)
e
d

j� (M n)j
e
d < jM j

e
N <

1
(ì � "1)

e
d

j� (M n)j
e
d

Thus using(3)

(í � "2) �
�

1 � 2"1
ì

� e
d

(ì � "1)
e
d

j� (M n)j
e
d < j(� ^ ø )(M n)j <

í + "2

(ì � "1)
e
d

j� (M n)j
e
d

and by choiceof " 1 and "2,
�

í
ì

e
d

� "
�

j� (M n)j
e
d < j(� ^ ø )(M n)j <

�
í

ì
e
d

+ "
�

j� (M n)j
e
d

asrequired. �
Now we look at the deÞnable quotients of asymptotic classes. Again, we Þrst

haveto considerthe questionof which languagesto use:
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3.3. DeÞnition . Let C beanN -dimensionalasymptoticclass, andE( øx 1; øx2; øy) an
L -formula with l ( øx1) = l ( øx2) = n, l ( øy) = m.

C=E := f M n=Eøa : M 2 C andE( øx1; øx2; øa) deÞnesanequivalence

relationE øa onM ng

Let L 0 bea Þrst-order language such that C=E is a classof L 0-structures. We say
that L 0 is suitableif for every ø 0( øz0; øw0) 2 L 0 (sayl ( øz0) = s andl ( øw0) = r 0) thereis
ø ( øz; øw) 2 L (wherel ( øz) = n�s andl ( øw) = r ) sothat for every X = M n=Eøa 2 C=E
andevery øb0 2 X r 0

there is øb 2 M r sothat ø 0(X s; øb0) = ø (M n�s; øb)=Eøa.
Also deÞneL 0

E to be the disjoint union of L and L 0, along with the natural
projectionmap. Weform a classof L 0

E -structuresin theobviousway:

CE := f (M; øa) [ (M n=Eøa) : E ( øx1; øx2; øa) deÞnesanequivalencerelationE øa onM ng

3.4. Lemma. Let C be an N -dimensionalasymptotic class, and E( øx1; øx2; øy) an
L -formula with l ( øx1) = l ( øx2) = n, l ( øy) = m. ThenC=E is a weakNn-dimensional
asymptoticclassin any suitable languageL 0, andCE is anN -dimensionalasymptotic
classin thecorrespondinglanguageL 0

E .

Proof. We considerM 2 C and øa 2 M r , where E( øx1; øx2; øa) deÞnesan equiv-
alencerelation on M n. Consider the deÞnable set � (M n; øb), and supposethat
h(� (M n; øb)) = (d; ì ). Let � � := j� (M n; øb)=Eøa j. Consider Þrst the casewhere
eachE øa-classin � (M n; øb) hasthe samedimensionand measure, (e;í ), say. Notice
that e � d. Let " > 0. Let " 1 > 0 and " 2 > 0 be such that

�
� ì � "1

í � "2
� ì

í

�
� < " and

�
� ì � 2"2� ì

í � "1

í � "2
� ì

í

�
� < " .

Then for largeenoughM 2 C, wehave

(ì � "1)jM j
d
N < j� (M n; øb)j < (ì + " 1)jM j

d
N

and

(� � � í � � � � "2)jM j
e
N < j� (M n; øb)j < (� � � í + � � � "2)jM j

e
N

So

(� � � í � � � � "2)jM j
e
N < j� (M n; øb)j < (ì + " 1)jM j

d
N

and thus

� � <
(ì + "1)

í
jM j

d� e
N + � � �

"2

í
(5)

and similarly

� � >
(ì � "1)

í
jM j

d� e
N � � � �

"2

í
(6)

Hence(5) givesus that

� � <
(ì + "1)

í
jM j

d� e
N +

�
(ì + "1)

í
jM j

d� e
N + � � �

"2

í

�
�

"2

í

and similarly for all r 2 ù

� � <
(ì + "1)

í

�
1 +

"2

í
+ � � � +

"2
r

í r

�
jM j

d� e
N + � � �

"2
r+1

í r+1
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and thus taking the limit asr ! 1

� � <
�

ì + "1

í � "2

�
jM j

d� e
N

This, with (6) givesus that

� � >
(ì � "1)

í
jM j

d� e
N �

�
ì + "1

í � "2

�
jM j

d� e
N �

"2

í
=

�
ì � "1 � 2"2 � ì

í

í � "2

�
jM j

d� e
N

Thus
�

ì � "1 � 2"2 � ì
í

í � "2

�
jM j

d� e
N < � � <

�
ì + "1

í � "2

�
jM j

d� e
N

and soby choiceof " 1 and "2,
�
�
� � � �

ì
í

jM j
d� e

N

�
�
� < " jM j

d� e
N

Now we turn to the casewhere the E øa-classesin � (M n; øb) may have di»erent
dimensions and measures. However as theseclassesare all deÞnedby the L -
formula � ( øx ; øb) ^ E( øx ; øu; øa) for varying parameters øu 2 � (M n; øb), there are only
Þnitely many dimension/measurepairsthat theclassescantake: (e1; í 1); : : : ; (es; í s)
say. Say M j= ø (ej ;í j )( øu; øa; øb) , h(� (M n; øb) ^ E(M n; øu; øa)) = (ej ; í j ). Let Y j

be the union of all the E øa-classesin � (M n; øb) of dimension/measure (ej ; í j ), and
� j := Y j =Eøa. Then Y j isdeÞnableby � ( øx ; øb) ^ 9 øu(E( øx ; øu; øa) ^ ø ej ;í j ( øu; øa; øb)), and
� 1 + � � � + � s = � � . Say h(Y j ) = (dj ; ì j ).

Let " > 0. Then by the resultobtained above, wehavefor largeenoughM 2 C,
�
�
�
�� j �

ì j

í j
jM j

dj � ej
N

�
�
�
� <

"
s

jM j
dj � ej

N

so
sX

j =1

� "
s

jM j
dj � ej

N < � � �
sX

j =1

ì j

í j
jM j

dj � ej
N <

sX

j =1

"
s

jM j
dj � ej

N

Now setd0 := Maxf dj � ej : 1 � j � sg, A := f j : 1 � j � s & dj � ej = d0g,
and ì 0 :=

P
f ì j

í j
: j 2 Ag. Then

X

j 2 A

� "
s

jM j
d0
N +

X

j =2 A

�
� "
s

+
ì j

í j

�
jM j

dj � ej
N < � � � ì 0jM j

d0
N

<
X

j 2 A

"
s

jM j
d0
N +

X

j =2 A

�
"
s

+
ì j

í j

�
jM j

dj � ej
N

and sincejAj � s and for j =2 A we have dj � ej < d0 it follows that for large
enoughM 2 C

�
�
� � � � ì 0jM j

d0
N

�
�
� < " jM j

d0
N

Furthermoreass isÞxedand for eachj 2 f 1; : : : ; sg thedimension/measuresets
for Y j areÞnite, it follows that thereare only Þnitely many possibilitiesfor (d 0; ì 0)
above.
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Now weneedto show that the setof ( øb; øa) 2 M r+ m suchthat h(� (M n; øb)=Eøa) =
(d0; ì 0) is uniformly deÞnable across C. We know that for any
(d0

j ; ì 0
j ) 2 f 0; : : : ; Nng � R> 0 [ f (0; 0)g the set of ( øb; øa) 2 M r+ m such that

h(Y j ) = (d0
j ; ì 0

j ) is uniformly deÞnable across C. Thus for any assignmentof
(d0

j ; ì 0
j ) so that ì 0 =

P
f ì j

í j
: 1 � j � s & d0

j � ej = d0g the setof ( øb; øa) 2 M r+ m

which yield h(Y j ) = (d0
j ; ì 0

j ) for every j , is also uniformly deÞnable acrossC. As
thereareonly Þnitely many suchassignmentsthe result follows.

We have shown that, for deÞnable subsetsof M n=Eøa, the asymptotic behaviour
is deÞnable. Clearly then this holds for deÞnable subsetsof M [ M n=Eøa, and for
higher powerswemay asusualappeal to proposition 2.2. �

The following deÞnitionsare fair ly standard:

3.5. DeÞnition . Let M andN bestructuresin Þrst-orderlanguagesL M andL N

respectively. Wesaythat M is parameter-interpretable(p-interpretable)in N if there
are r 2 ù , an L N -deÞnable setX � N r , a L N -deÞnable equivalencerelationE on
X , anda mapf : M ! X=E, andL N -deÞnablesubsetsof Cartesianpowersof X=E
which which interpret the constant,relation, and function symbolsof L M , in such a
way that f isanL M -isomorphism. Wewrite M � for theL M -structureinducedonX .

Supposenow that M is p-interpretable in N , via f : M ! M � , and N is p-
interpretable in M via g : N ! N � . Theng inducesanL M -isomorphismg� : M � !
M �� for an L M -structure M �� interpretedin N � andhencein M . Similarly we get
an L N -isomorphismf � : N � ! N �� where N �� is an L N -structure interpretedin
M � andhencein N . If the isomorphismsg � f : M ! M �� , andf � g : N ! N �� are
deÞnable in M andN respectively, thenwe saythat M andN are p-bi-interpretable.
Wesaythat M is ; -bi-interpretablewith N if noparameters fromM are involved.

Notice that being ; -bi-interpretable is not symmetric. We rework thesein our
context:

3.6. DeÞnition . Let CM andCN be classesof structuresin Þrst-order languages
L M and L N respectively. If there is an injection i : CM ! CN so that for each
M 2 CM , M is p-interpretable in i (M ), so that the L M -structure M � (i .e X , E ,
and the L M -symbols) is uniformly deÞnedacrossCM , then we say that CM is p-
interpretablein CN .

Now if i : CM ! CN is a bijectionandfor each M 2 CM , M is p-bi-interpretable
with i (M ), in such away that the structuresM � , N � and the mapsg� f and f � g
(as above) are uniformly deÞnedacrossCM , then we say that CM and CN are p-bi-
interpretable. Again we say that CM is ; -bi-interpretablewith CN if no parameters
fromCM are involved.

3.7. Lemma. If CM is p-interpretable in CN , and CN is an asymptoticclass, then
CM is a weakasymptoticclass. Moreover if CM is ; -bi-interpretablewith CN , andCN

is anasymptoticclass, thensois CM .
Similarly if M andN areinÞnitestructures, M is ; -bi-interpretablewith N , andN

is measurable, thensois M .

Proof. For theÞrststatement, 3.2and3.4giveimmediately that f M � : M 2 CM g
is a weakasymptotic class,and henceso is CM .

Now for the secondstatementweknow that CM is a weakasymptotic class,and
by 3.4 again that f i (M ) [ M � : M 2 CM g is an asymptotic class. Hence given
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� 2 L M and (d; ì ) 2 D as in deÞnition 2.1, there is � (d;ì )( øy) 2 L N so that
(M; øa) 2 ¸ (d;ì ) if and only if i (M ) j= � (d;ì )(f ( øa)). Of coursethis holds if and only
if i (M ) � j= � (d;ì )(g

� f ( øa)), and now asthis takesplacein M and the L N -symbols
are all interpreted in L M , we may Þnd a parameter-freeL M -formula ø (d;ì )( øy) so
that M j= ø (d;ì )( øa) if and only if i (M ) � j= � (d;ì )(g

� f ( øa)).
The sameargument, along with Proposition 5.10 of [5], yields the result for

measurable structures. �

3.8. Cor oll ary. If CM andCN , in ÞnitelanguagesL M andL N respectively, are
p-bi-interpretable, andCN is an asymptoticclass, then there is an expansionL 0

M of
L M by Þnitely many constants, and for each M 2 CM an expansionM 0 to L 0

M so
that C 0

M := f M 0: M 2 CM g is anasymptoticclass.

Proof. Form L 0
M by adding constants to interpret the parametersneededto

deÞneN � and g� f uniformly acrossCM , and then apply proposition 3.7. �

x4. Examples. The main theoremof [1] is exactly the statementthat the classof
ÞniteÞeldsformsa 1-dimensionalasymptotic class.

Similarly in [7] it is shown that any family of Þnitedi»erenceÞelds

C(m;n;p) := f (Fpnk+ m ; ók ) : k 2 ù g

where m;n 2 ù , p 2 ù is prime, and ó is the Frobeniusautomorphism, forms an
asymptotic class. Notice that in ultr aproducts the automporphism interpretedbyQ

k2 ù ók
�

U is a solution of óm � ôn = é, and hence, in the terminology of Ryten, is
a fractionalpower of theFrobeniusautomorphism.

Now in [8] it has beenshown that eachfamily of Þnite simple groups of Þxed
Lie-rank is p-bi-interpretable (in the senseof deÞnition 3.6) with either the classof
ÞniteÞeldsor oneof the classesCm;n;p asabove. Thus by 3.7and 3.8eachfamily of
Þnitesimplegroupsis an asymptotic class. For moredetailssee[8].

We now turn to the Lie-coordinatizable structures. This is a rich classof @0-
categorical supersimplestructureswhich hasbeenthoroughly studied in [2]. One
of the main resultsis that the algebraic characterisation (in termsof coordinatizing
Lie-geometries)is equivalent to an abstract notion of beingsmoothly approximable,
that is in a strong sensebeing the inÞnite limit of a classof Þnite structures (or
envelopes). A basicexampleis that an @0-dimensionalvector spaceis the union of a
sequenceof Þnite-dimensionalvector spaces(the envelopes)eachembedded in the
next. For more detailssee[2].

4.1. Proposition . Let M be a Lie-coordinatized structure. Then there exists a
family E of Þniteenvelopesfor M so that E smoothly approximatesM , andE is a
rk(M )-dimensionalasymptoticclass.

Proof. Let E bea maximal family of envelopesfor M suchthat for eachdimen-
sioncorrespondingto anorthogonalspace, theparity of thedimensionisconstantly
evenacrossE. Weshall reÞneE in duecourse.

If ød = (d1; : : : ; dr ) is the vector of dimensionsassignedby E to eachcanonical
projective geometryrespectively, deÞneñ0(dj ) := (�

p
qj )dj where qj is the size of

the baseÞeldof the j th canonicalprojective geometry, or in the disintegrated case
ñ0(dj ) :=

p
dj
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Thenby proposition 5.2.2of [2], thereares2 ù , a1; : : : ; as 2 R, andni 1; : : : ; nir 2 ù
so that for eachE 2 E,

jE j =
sX

i =1

ai (ñ0(d1))ni 1 � � � � � (ñ0(dr ))nir

Mor eover the proof of 5.2.2of [2] actually givesthat for any deÞnable subsetD
of M , there are b1; : : : ; bs 2 R, and mi 1; : : : ; mir 2 ù so that for any E 2 E which
contains the parametersfor D ,

jDE j =
sX

i =1

bi (ñ0(d1))mi 1 � � � � � (ñ0(dr ))mir

(It may not betrue that the number of termsin the expressionfor jD j is the same
asthat for jE j, but by setting any extra bi or ai to zero, we may assumethat both
thesenumbersareequal to s.)

For eachi � r , deÞneni := ni 1 + � � � + nir , and mi := mi 1 + � � � + mir . Then,
by reordering the ai and bi if necessary, wemay supposethat that N := n1 = n2 =
� � � = nl > ni for i > l , and e := m1 = m2 = � � � = mk > mi for i > k . Notice
that proposition 5.2.2of [2] givesthat ai > 0 for i � l , that bi > 0 for i � k , that
N = 2rk(M ), and that e = 2rk(D).

With this in mind, if necessaryby changingthe signsof ai for i > l , and bi for
i > k , andby deÞningñ(dj ) := (

p
qj )dj whereqj isthesizeof thebaseÞeldof thej th

canonicalprojective geometry, or in the disintegrated caseñ(dj ) := ñ0(dj ) =
p

dj ,
wemay rewrite this equation as

jDE j
jE j

e
N

=

P s
i =1 bi (ñ(d1))mi 1 � � � � � (ñ(dr ))mir

� P s
i =1 ai (ñ(d1))ni 1 � � � � � (ñ(dr ))nir

� e
N

But let us supposefor a moment that we could allow the dj to rangeover the
positive realnumbers. Then for eachx 2 R> 0 wewould deÞne ødx := (d1x ; : : : ; drx )
where djx := logqj

(x 2), unlessthe j th canonical projective geometry is disinte-
grated, in which case, djx := x 2. Then we would Þnd that for corresponding
notional Ex and Dx := DEx ,

jDx j
jEx j

e
N

= � x :=

P s
i =1 bi x mi 1 � � � � � x mir

� P s
i =1 ai x ni 1 � � � � � x nir

� e
N

=

P k
i =1 bi x e +

P r
i = k+1 bi x mi

(
P l

i =1 ai x N +
P r

i = l +1 ai x ni )
e
N

=

P k
i =1 bi +

P r
i = k+1 bi x mi � e

(
P l

i =1 ai +
P r

i = l +1 ai x ni � N )
e
N

!
(b1 + � � � + bk )

(a1 + � � � + al )
e
N

asx ! 1 sincefor i > k wehavemi � e < 0 and for i > l wehaveni � N < 0.
Now we will approximate this behaviour by suitable choice of natural-number

valued ød. For x 2 R we write � (x ) to meanto the rounding of x to the nearest
integer, and â(x ) := x � � (x ). Then for eachQ 2 ù , wemay pick an evennatural
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numberæQ 2 ù sothat deÞning" j := â(æQ � logqj
(Q2)) for eachj correspondingto a

canonicalprojectivegeometry, � 1
Q < " j < 1

Q . (This is provedby a straightforward
induction on the number of suchgeometries,by consideringthe imageof the map
n 7! â(n � logq(Q2)) asa subsetof

�
1
2; 1

2

�
.)

Now deÞne ødQ := (d1Q; : : : ; drQ ) where djQ := � (æQ � logqj
(Q2)) unlessthe j th

canonicalprojectivegeometryisdisintegrated, in which casewelet djQ := Q2æQ , and
" j := 0. Notice that ød is independentof D . ThenweÞndfor eachnon-disintegrated

canonicalprojectivegeometryñ(djQ ) = q
1
2djQ

i = q
1
2 (æQ � logqj

(Q2)� " j )

j = QæQ �q
�

" j
2

j , and

similarly for eachdisintegrated projective geometryñ(djQ ) = (djQ )
1
2 = (Q2æQ )

1
2 =

QæQ . We adopt the convention that if the j th canonical projective geometry is
disintegrated then qj := 1.

jDQ j
jEQ j

e
N

=

P s
i =1 bi ñ(d1Q)mi 1 � � � � � ñ(drQ )mir

� P s
i =1 ai ñ(d1Q)ni 1 � � � � � ñ(drQ )nir

� e
N

=

P s
i =1 bi (q

�
"1
2

1 QæQ )mi 1 � � � � � (q
� "r

2
r QæQ )mir

� P s
i =1 ai (q

� "1
2

1 QæQ )ni 1 � � � � � (q
� "r

2
r QæQ )nir

� e
N

=

P k
i =1 bi q

�
"1mi 1

2
1 � � � � � q

� "r mir
2

r
� P l

i =1 ai q
�

"1ni 1
2

1 � � � � � q
� "r nir

2
r

� e
N

+ o(Q� 1
N )

Thus asQ ! 1 , each" j ! 0, so eachq
�

" j mij
2

j ! 1 and q
�

" j nij
2

j ! 1. Therefore
jD j

jE j
e
N

! (b1+ ��� + bk )

(a1+ ��� + al )
e
N

, asrequired. Sowemay say (in the senseof deÞnition 2.1) that

h(D) = ( e
2; (b1+ ��� + bk )

(a1+ ��� + al )
e
N

).

Notice that thedimension/measureof asetisdeterminedby thepolynomial which
givesits size, and for any envelopesE, E 0 both containing øa, that h(� (E n; øa)) =
h(� (E 0n; øa)) asthey are given by the samepolynomial (again seethe beginningof
the proof of 2.2 in [2]). For any E 2 E, let � be the equivalencerelation on E m

given by øy � øy0: , j� (E n; øy)j = j� (E n; øy0)j. Then in large enoughE each� -
classcorrespondsto a polynomial for j� (E n; øa)j. Then in any E 2 E, the � -classes
are invariant under Aut(E), hencethey are deÞnable in E over ; . But as M is
smoothly approximable (see5 and 7 of deÞnition 2.1.1 of [2]), it follows that the
� -classesare deÞnable in M . Then asM is @0-categorical, there are only Þnitely
many possibilitiesfor tpM ( øy). This shows that the setof � -classes,and hencethe
setof polynomials,and thus thesetof dimension-measurepairs for � ( øx ; øy), isÞnite.

Finally wemustshow that dimension/measureisdeÞnable. But the@0-categoricity
of M yields that the � -classesare ; -deÞnable, given (di ; ì i ) there is a disjunction
ñ( øy) of the ñj ( øy) so that h(� (E n; øa)) = (di ; ì i ) , E j= ñ( øa)): (this corresponds
to di»erent polynomials which yield the samemeasure).

Now if øa 2 ñ(M m) then for all su¼ciently large E 2 E, we will have that
øa 2 ñ(E n) by smooth approximability. This showsthat the dimensionand measure
of � (E n; øa) is uniformly deÞnable in all su¼ciently largeE. Then to deal with the
Þnitenumber of exceptionally small E , for each(di ; ì i ), weform the disjunction ñ0
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of ñ with Þnitely many formulaeof the form Th(E) ^ tpE ( øa) where øa 2 E m is such
that h(� (E n; øa)) = (di ; ì i ). �

4.2. Cor oll ary. Lie-coordinatizable structuresaremeasurable.

Proof. Givena deÞnablesetD in a Lie-coordinatizedstructure, takea collection
of envelopesE asin 4.1, and simply deÞneh(D) asin the proof of 4.1 above. The
fact that this function satisÞesdeÞnition 2.9 is immediate from the fact that E is an
asymptotic class.

Now a structure is Lie-coordinatizable if it is ; -bi-interpretable with a Lie-
coordinatizedstructure. By 3.7 the result follows. �

In deÞnition 2.1wedeliberately allow the error term of the asymptotic estimates
to be as largeaspossible. In the caseof Þnite Þelds[1] gives(as in the Lang-Weil
estimates) an error term of C jM jd� 1

2 for some constant C 2 R> 0. We might
therefore deÞnea Lang-Weil classto be an N -dimensionalasymptotic classwhere
we have error terms at leastas tight asC jM j

d
N � 1

2N . In somecasesthough we can
do better than this:

4.3. Proposition . If a Lie-coordinatizedstructure M as in the above proposition
involvesonly onecanonicalprojectivegeometry over a ÞniteÞeld,Fq say, then,setting
N = 2rk (M ), we get that for any deÞnable setD there exists C > 0 so that for all
su¼ciently largeE 2 E,

�
�
� jD j � meas(D )jE j

dim(D )
N

�
�
� < C jE j

dim(D )
N � 1

N

Proof. For r 2 R and n 2 ù weÕllusethe notation r Cn to denotethe generalised
binomial coe¼cient r � (r � 1)���� � (r � n+1)

n! .
Say jE j =

P s
i =1 ai (

p
q)dni , andjD j =

P s
i =1 bi (

p
q)dmi , wheren1 > n2 > � � � > ns,

and m1 > m2 > � � � > ms. Then for constantsci 2 R, and c0; c00; c000; c0000; c00000> 0,
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and largeenoughd, weget
�
�
�
� jD j �

b1

a
m1
n1

1

jE j
m1
n1

�
�
�
�

=

�
�
�
�

sX

i =1

bi (
p

q)dmi � b1(
p

q)dm1

�
1+

sX

i =2

ci (
p

q)d(ni � n1)
� m1

n1

�
�
�
�

=

�
�
�
�

sX

i =2

bi (
p

q)dmi � b1(
p

q)dm1

� 1X

k=1

(
m1
n1 Ck )

� sX

i =2

ci (
p

q)d(ni � n1)
� k � �

�
�
�

and asmi � m1 � 1 and ni � n1 � 1 for i 2 f 2; : : : ; sg

�

�
�
�
�c

0(
p

q)d(m1� 1)+ b1(
p

q)dm1

� 1X

k=1

(
m1
n1Ck )

�
c00(

p
q) � d)

� k � �
�
�
�

�

�
�
�
�c

0(
p

q)d(m1� 1)+ b1c00(
p

q)d(m1� 1)
� 1X

k=0

(
m1
n1Ck+1 )

�
c00(

p
q) � d)

� k � �
�
�
�

�

�
�
�
�c

0(
p

q)d(m1� 1)+ b1c00(
p

q)d(m1� 1)
� m1

n1

1X

k=0

�
(

m1
n1

� 1)Ck

� �
c00(

p
q) � d)

� k � �
�
�
�

�

�
�
�
�c

0(
p

q)d(m1� 1)+ c000(
p

q)d(m1� 1)
�

1+ c00(
p

q) � d
� m1

n1
� 1

�
�
�
�

� c0000(
p

q)d(m1� 1) = c0000((
p

q)dn1)
m1� 1

n1 � c00000jE j
m1� 1

n1 �

x5. DimensionversusD-rank. In proposition 2.7 we showed that in asymptotic
classes,D-rank is bounded above by dimension. The following demonstratesthat
this inequality may bestrict:

5.1. Example. Let L := hRi whereR is a unary predicate. For eachn 2 ù ,

M n := f 0; : : : ; n � 1g � f 0; : : : ; n � 1g

R(M n) := f (0; i ) : 0 � i � n � 1g

Then if C := f M n : n 2 ù g, C isa 2-dimensionalclass,but any inÞniteultr aproduct
P is just a setwhereR picks out an inÞnite/co-inÞnite subset, soD(P) = 1.

We now turn our attention to thosecircumstancesin which equality doeshold.

5.2. DeÞnition . If C is anN -dimensionalasymptoticclassin a languageL which
satisÞes:

for every � (x; øy) 2 L and every r 2 ù , there are k; Q 2 ù , where for each
M 2 C � Q and each øa 2 M m, there are ø (x; øz) 2 L , where l ( øz) = s say, and
f øc1; : : : ; øcr g � M s sothat if dim(� (M; øa)) = d > 0, then

� for each i 2 f 1; : : : ; rg, ø (M; øci ) � � (M; øa)
� for each i 2 f 1; : : : ; rg, dim(ø (M; øci )) = d � 1
� f ø (x; øci ) : 1 � i � rg is k-inconsistent

thenwesaythat C is imbricated.
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Moreover, given� (x; øy) 2 L , asr rangesover ù , M over C � Q, and øa over M m, if
the setof ø (x; øz) andk usedcanbechosento beÞnite, thenwe saythat C is closely
imbricated.

Notice that imbrication is a condition just on formulae in one variable (plus
parameters). The following proposition however shows that (as in 2.2) it hascon-
sequencesin higher powers,and givesthe relationship between(close)imbrication,
D-rank, and dimension.

5.3. Proposition . If C is such that for any inÞniteultraproductP of members of
C, any � (x; øy) 2 L , andany øa 2 Pm, we have dim(� (P; øa)) = D(� (P; øa)) , thenC
is imbricated.

Conversely if C isclosely imbricated,thenfor any inÞniteultraproductP, � ( øx ; øy) 2
L , and øa 2 Pn, wehavedim(� (Pn; øa)) = D(� (Pn; øa)) .

Proof. SupposeÞrst that C is not imbricated. Then thereexist � (x; øy) 2 L and
r 2 ù sothat for all k; Q 2 ù thereareM k;Q 2 C � Q and øak;Q 2 M m

k;Q , wherefor all
ø (x; øz) 2 L and all f øc1; : : : ; øcr g � M s, at leastone of the imbrication properties
abovefails. Let U bea non-principal ultr aÞlteron ù , and let P :=

Q
Q2 ù M Q;Q=U,

and øa :=
Q

Q2 ù øaQ;Q=U. Supposenow for a contradiction that dim(� (P; øa)) =
D(� (P; øa)). Then wecanÞndk 2 ù , ø (x; øz) 2 L , and f øci : i 2 ù g � Ps so that:

� for eachi 2 ù , P j= ø (x; øci ) ! � (x; øa)
� for eachi 2 ù , D(ø (P; øci )) = D(� (P; øa)) � 1
� f ø (x; øci ) : i 2 ù g is k-inconsistent

Notice that by 2.7 the secondof theseforcesdim(ø (P; øci )) � dim(� (P; øa)) � 1.
But then theremust exist U 2 U where for all Q 2 U :

� for 1 � i � r , M Q;Q j= ø (x; øci (M Q;Q)) ! � (x; øaQ;Q)
� for 1 � i � r , dim(ø (M Q;Q; øci (M Q;Q))) � dim(� (M Q;Q; øaQ;Q)) � 1
� f ø (x; øci (M Q;Q)) : 1 � i � rg is k-inconsistent

By choosingQ 2 U with Q � k , wegeta contradiction by choiceof M Q;Q.
Conversely supposethat C is closely imbricated, that P =

Q
M 2 D M=U is a

non-principal ultr aproduct of membersof C, and that dim(� (Pn; øa)) = d. WeÕll
show that if d > 1, then we can Þnda uniformly deÞnable k-inconsistentfamily of
(d � 1)-dimensionalsubsetsof � (Pn; øa). We proceedby induction on n. First we
assumewithout lossof generality (by adding constantsto the language)that øa = ; .

Whenn = 1 weknow that there is U 2 U where for eachM 2 U , dim(M ) = d,
and by close imbrication that there are U 0 � U with U 0 2 U, ø (x; øz) 2 L ,
I (M ) 2 ù , and f øci (M ) : i 2 I (M )g � M s so as jM j ! 1 in U 0, I (M ) ! 1 ,
and f ø (x; øci (M )) : i 2 I (M )g deÞnesan arbitr arily large k-inconsistent family
of (d � 1)-dimensional subsetsof � (P), just as before. Hence in P, taking øci :=Q

i 2 I øci (M )=U, f ø (P; øci ) : i 2 I g is asrequired.
Now supposethat n > 1, and that the result holds for all deÞnable sets of

P; P2; : : : ; Pn� 1. As d > 1 it must be that � (Pn) has an inÞnite projected image
onto someco-ordinate. Without lossof generality, assumethat it is the Þrst. That
is dim(ð1(� (Pn)) = r > 0. DeÞne

� a(Pn� 1) := f (a2; : : : ; an) 2 Pn� 1 : P j= � (a; a2; : : : ; an)g
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Now asa variesin ð1(� (Pn)), thereareÞnitely many dimension/measurepairs, say
(e1; ì 1); : : : ; (et ; ì t ) which � a(Pn� 1) can take.

For each(el ; ì l ), deÞne

A l := f a 2 ð1(� (Pn)) : (dim, meas)(� a(Pn� 1)) = (el ; ì l )g

Now if el = d for somel , and a 2 A l , then by the inductive hypothesiswe can
Þnd a uniformly deÞnable k-inconsistentfamily of (d � 1)-dimensionalsubsetsof
� a(Pn� 1), say f øa(Pn� 1; øci ) : i 2 I g, and then ff ag � ø a(Pn� 1; øci ) : i 2 I g works
for � (Pn). Hencewemay assumethat for all l , el < d.

Now for eachl 2 f 1; : : : ; tg, deÞne:

(f l ; í l ) := (dim, meas)(A l )

Then

(dim, meas)
� G

a2 A l

f ag � � a(Pn� 1)
�

= (el + f l ; ì l � í l )

Mor eover � (Pn) is the disjoint union over l of all thesesets,hence

Maxf el + f l : 1 � l � tg = d

Say this is attained at l 0. Then asnoted above el 0 < d, so f l 0 � 1. Therefore, by
the inductivehypothesisapplied to A l 0 there is a uniformly deÞnable k-inconsistent
family f ø (P; øci ) : i 2 I g of (f l 0 � 1)-dimensionalsubsetsof A l 0. Finally therefore

n G

a2 ø (P;øci )

f ag � � a(Pn� 1)) : i 2 I
o

is a k-inconsistent family of subsetsof � (Pn), and eachone has dimension el 0 +
(f l 0 � 1) = d � 1, asrequired.

So we have shown that for d > 0, and for any d-dimensionaldeÞnable set in P,
there is k > 0 and a uniformly deÞnable inÞnite k-inconsistentfamily of (d � 1)-
dimensional subsets. A straightforward induction on d now proves that on all
deÞnable setsin P, dimensionand D-rank agree. �

5.4. Cor oll ary. In any 1-dimensionalclass, dimensionandD-rank agree.

Proof. Let C bea1-dimensionalclass. Weneedonly to show that C isclosely im-
bricated. Let � (x; øy) 2 L . Then if M 2 C and øa 2 M m, either dim(� (M; øa)) = 0
in which casewe have nothing to show, or dim(� (M; øa)) = 1. But in this casewe
can Þnd a family of 0-dimensionalsubsetsof � (M; øa) which are pairwise incon-
sistent, and whosenumber grows with jM j, namely the points of � (M; øa), deÞned
by x = c. �

The next is an example of an imbricated classin which dimension and D-rank
fail to agree, and shows that the gap betweenimbrication and closeimbrication is
genuine.

5.5. Example. Let L := hR i i i 2 ù where eachRi is a binary predicate. For each
n 2 ù deÞne

M n := f 0; : : : ; n � 1g � f 0; : : : ; n � 1g
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where

M n j= Ri (a; b) :,
�

a1 = b1 = i; or
a1 = b1 and a2 = b2

where a = (a1; a2), b = (b1; b2). Then C is imbricated. But taking a non-principal
ultr aÞlter U on ù , and deÞningP :=

Q
n2 ù M n=U we Þnd that P has D-rank 1,

and that C is not closely imbricated.

x6. Stableclasses.

6.1. Proposition . Let C bea classof ÞniteL -structures. Thenthe following are
equivalent:

1. Every inÞniteultraproductof membersof C is stable.
2. For every L -formula � ( øx ; øy) there is K 2 ù where for each M 2 C there do

not exist f øai ; øbi : i � K g in M sothat M j= � ( øai ; øbj ) , i � j .

Proof. Supposethat 2 fails. Then there exists � ( øx ; øy) so that for eachK 2 ù
there is M K 2 C and f øaKi ; øbKi : i � K g � M K where M K j= � ( øaKi ; øbKj ) , i � j .
Let U be a non-principal ultr aÞlter on ù , and let P :=

Q
K 2 ù M K

�
U . DeÞne

øai :=
Q i

K =1 øaKK �
Q 1

K = i +1 øaKi
�

U and øbi :=
Q i

K =1
øbKK �

Q 1
K = i +1

øbKi
�

U . Then
P j= � ( øai ; øbj ) , i � j , soP is unstable.

Conversely suppose1 fails. Then there exists an unstable inÞnite ultr aprod-
uct P of members of C. Then there are � ( øx ; øy) and f øai ; øbi : i 2 ù g � P
where P j= � ( øai ; øbj ) , i � j . Let K 2 ù . Then P j=

V
0� i � j � K � ( øai ; øbj ) ^

V
0� j<i � K : � ( øai ; øbj ), so there exist U 2 U where for all k 2 U we have M k j=

� ( øai (M ); øbj (M )) , i � j . �

6.2. DeÞnition . Wecall C stableif it satisÞes1 and2 of proposition6.1

We now rework the following standard deÞnitions for convenience, seefor in-
stance[3]:

6.3. DeÞnition . A stable structure M is functionally unimodular if whenever
f 1; f 2 : A ! B are deÞnable maps, and k1; k2 natural numbers such that for all
b 2 B wehave for each i 2 f 1; 2g, jf � 1

i f bgj = k i , thenk1 = k2.
A type p 2 S(B) in a stable structure M is multiplicially unimodular if when-

ever d1; : : : ; dn; e1; : : : ; en 2 p(M ), f d1; : : : ; dng and f e1; : : : ; eng are each aclB -
independent,andaclB ( ød) = aclB ( øe), thenMult ( ød=øe) = Mult ( øe= ød).

It is easyto show that measurable structuresare functionally unimodular. The
following however seemsto beabsentfrom the literature:

6.4. Lemma. If M is a functionally unimodular stable structure and p 2 S(B)
a minimal type (i .e a stationary type of U -rank 1) in M , then p is multiplicially
unimodular.

Proof. Let p beasin theabovedeÞnition. WetakeM to besomewhat saturated,
and B � M to besmall.

Let p0( øx ) := tp(d1; : : : ; dn=B) = tp(e1; : : : ; en=B) = p 
 p 
 � � � 
 p, and let
q( øx ; øy) := tp(d1; : : : ; dn; e1; : : : ; en=B) ) p0( øx ) ^ p0( øy). Let k1 := Mult( øe= ød) and
k2 := Mult ( ød=øe). Let ð1 and ð2 be the projection maps from q(M n; M n) onto the
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Þrst and secondn coordinatesrespectively. Then for i 2 f 1; 2g, Im(ði ) = p0(M n)
and ði is everywherek i -to-1.

Cl aim. Thereis� ( øx ; øy) 2 q( øx ; øy) sothat ð1 andð2, whenextendedto � (M n; M n),
havethe samerange, and areeverywherek1-to-1 and k2-to-1 respectively.

The claim Þnishesthe proof, as we may now apply the deÞnition of functional
unimodularity to concludethat k1 = k2.

Proof of Cl aim. Suppose not. Then for each � ( øx ; øy) 2 q( øx ; øy ) there is
( øa; øa1; : : : ; øak1+1 ; øb1; : : : ; øbk2+1 ) from M where

M j= (
^

1� i<j � k1+1

øai 6= øaj ) ^ (
^

1� i<j � k2+1

øbi 6= øbj ) (7)

and

M j=
�
9 øy� ( øa; øy) ^ :9 øx � ( øx ; øa)) _

�
:9 øy� ( øa; øy) ^ 9 øx � ( øx ; øa))

_

 
k1� 1_

i =1

� ( øa; M n) = f øa1; : : : ; øai g

!

_

 
k2� 1_

i =1

� (M n; øa) = f øb1; : : : ; øbi g

!

_
�
f øa1; : : : ; øak1+1 g � � ( øa; M n)) _

�
f øb1; : : : ; øbk2+1 g � � (M n; øa)

�
(8)

Soby compactnessandsaturation, thereis( øa; øa1; : : : ; øak1+1 ; øb1; : : : ; øbk2+1 ) fromM
which satisÞes(7) and (8) for every � 2 q.

Case1: there is � 2 q, where

M j=
�
9 øy� ( øa; øy) ^ :9 øx � ( øx ; øa)) _

�
:9 øy � ( øa; øy) ^ 9 øx � ( øx ; øa)) :

Without lossof generality suppose, that theÞrstdisjunct holds. Thenfor any ø 2 q,
if M j= :9 øyø ( øa; øy), then (� ^ ø )( øa; M n) = (� ^ ø )(M n; øa) = ; which contradicts
the fact that ( øa; øa1; : : : ; øak1+1 ; øb1; : : : ; øbk2+1 ) satisÞes(8) with (� ^ ø ) in place of
� . Hencefor all ø 2 q, M j= 9 øyø ( øa; øy) and so by compactnessand saturation,
øa 2 ð1(q(M n; M n)), but asM j= :9 øx � ( øx ; øa), wehave øa =2 ð2(q(M n; M n)), which
is a contradiction.

Case2: there is � 2 q, where

M j=

 
k1� 1_

i =1

� ( øa; M n) = f øa1; : : : ; øai g

!

_

 
k2� 1_

i =1

� (M n; øa) = f øb1; : : : ; øbi g

!

:

Again suppose the Þrst disjunct holds. Then for any ø 2 q, we have
(� ^ ø )( øa; M n) � � ( øa; M n). If (� ^ ø )( øa; M n) = ; for any ø 2 q, then
either (� ^ ø )( øa; M n) = (� ^ ø )(M n; øa) = ; which again contradicts (8), or
M j= 9 øy(( � ^ ø )( øy ; øa) ^ : (� ^ ø )( øa; øy)) so case1 applies with � ^ ø in place
of � . Otherwise øa 2 ð1(q(M n; M n)), but 1 � jð� 1

1 f øagj � k1 � 1, which is a
contradiction.

Case3: for all � 2 q, wehave

M j=
�
f øa1; : : : ; øak1+1 g � � ( øa; M n)) _

�
f øb1; : : : ; øbk2+1 g � � (M n; øa)

�
:

Now supposethat for someø 2 q wehave

M j= :
�

f øb1; : : : ; øbk2+1 g � ø (M n; øa)
�

:
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Then as(� ^ ø )( øa; M n) � � ( øa; M n), it must be the casethat for all � 2 q wehave
M j=

�
f øa1; : : : ; øak1+1 g � (� ^ ø )( øa; M n)). Therefore f øa1; : : : ; øak1+1 g � ð� 1

1 f øag,
which is a contradiction. �

The Þnalresult is in termsof local modularity: an important notion in geometric
stability theory. A stable structure M is said to be locally modular if for any two
setsA and B, it holds that A and B are independentover acl(A) \ acl(B). There
areseveral equivalent formulations, seefor instance[6] for moredetails.

6.5. Proposition . Stable measurablestructuresarelocally modular. In particular,
any stable inÞniteultraproductfromanasymptoticclassis locally modular.

Proof. Let M be measurable and stable. Then M is supersimpleby 2.7, and
of Þnite U -rank (since U (M ) = D(M )). As M is stable and supersimple, it is
superstable and by 2.5.8of [6] it su¼cesto show that any minimal type p in M is
locally modular. Mor eover M is functionally unimodular, and so by lemma 6.4,
p is multipliciall y unimodular. But then by 2.4.15 of [6] (seealso [3]), p is 2-
pseudolinear, and henceby 5.3.2of [6], locally modular. �
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