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ASYMPTOTIC CLASSES OF FINITE STRUCTURES

RICHARD ELWES

81. Introduction. In this paper we consider classes of finite structures where we
have good control over the sizes of the definable sets. The motivating example is the
class of finite fields: it was shown in [1] that for any formula ¢ (X, 7) in the language
of rings, there are finitely many pairs (d, u) € @ x Q° so that in any finite field F
and for any @ € F™ the size |¢(F". @)| is “approximately” u|F|¢. Essentially this is
a generalisation of the classical Lang-Weil estimates from the category of varieties
to that of the first-order-definable sets.

Motivated by this, we say that finite fields form a 1-dimensional asymptotic class.
Macpherson and Steinhorn in [5] have studied these classes in abstract. Generalising
this, in 2.1 below we define N-dimensional asymptotic classes for natural numbers
N > 1, and begin to develop their general theory. In that definition, we have relaxed
the asymptotic conditions (the meaning of “approximately” above), to encompass
to the widest possible range of examples. We prove in corollary 2.8 that our classes
lie within the general context of supersimple theories of finite rank.

In section 3 we consider how to define and interpret asymptotic classes inside one
another, and in proposition 3.7 we show that the property of being an asymptotic
class is invariant under bi-interpretations. In section 4 we give some examples of
asymptotic classes, in particular, in proposition 4.1 we show that the smoothly
approximable structures comprehensively studied in [2] fit into our framework.
In section 5 we re-examine the relationship between dimension and D-rank. In
section 6 we consider stable asymptotic classes. We show that stability can be
detected within the finite structures in our context, and in proposition 6.5, we
observe that stable asymptotic classes are locally modular.

NortatioN. If % is a (non-principal) ultrafilter on a set 7 and {M;: I} is a
collection of Z-structures, we denote the ultraproduct by P = [],., M; /% . and
fora = (ay....,a,) € P", we shall write a(M) = (a;(M),...a,(M)) to mean

the tuple of co-ordinates of @ in M, so that for each j € {l....,n} we have
aj =[lieya;(M;)/%.

If M is an Z-structure, we write Def (M) for the collection of all parameter-
definable sets in all powers of M.
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§2. Basic definitions and lemmas.

2.1. DEFINITION. Let & be a countable first order language, N € w, and € a
class of finite £ -structures. Then we say that € is a an N-dimensional asymptotic
class if for every Z-formula ¢(x,y) where [(7) = m, there is a finite set of pairs
D C ({0.....N} x R**) U {(0,0)} and for each (d.u) € D a collection ® () Of
elements oftheform (M.a) where M € € anda € M™ . so that {®, ) (d.u) € D}
is a partition of {{M} x M™: M € &}, and

as |M| — oo and (M. a) € @ ).

Moreover each ®, ) is definable. that is to say {a € M™: (M.a) € ®y )} is
uniformly O-definable across € .

We may write Dy for D . and will call {® 4,y (d. u) € D} a (definable) asymptotic
partition.

We write h(¢p(M. d)) = (dim(¢p(M, a)). meas(¢p(M,a))) := (d, u) where (M., a)
@, ). except thatif d = p = 0 wework with the convention that dim(¢(M. a)) = —1.

We call & a weak asymptotic class when & satisfies the asymptotic criteria, but the
@, ) may fail to be definable.

Notice that an N-dimensional class is also an »N-dimensional class for all ¥ € w.
We will usually choose N minimal so that the definition is satisfied.

It is immediate that the collection of all asymptotic classes is closed under taking
subclasses and finite unions, and under expansions of the language by finitely many
constants.

The above definition deals only with Z-formulae in one variable (plus para-
meters). However the next lemma shows that the corresponding statement for
Z-formulae in more variables follows automatically.

2.2. LemMmA. If'€ is an N-dimensional asymptotic class, then for every & -formula
o (x.7) where I(x) = n and [(§) = m, there is a finite set of pairs

D C ({0.....Nn} x R”)u {(0.0)}
and a partition {®, ,: (d.u) € D} of {{M} x M™: M € &} so that

(M. @) — | M|¥ = of|M]¥)

as |M| — oo and (M. a) € @ ).

Again each Dy ) 1S definable.

ProoOF. We proceed by induction on n. The case n = 1 holds by assumption,
so suppose that it holds for all Z-formulae ¢o(x. 7) where /(X¥) < n. Consider
now ¢(z, x.7) where I[(X) = n. [(7) = m. By the case n = 1, there exists A =
{(er. ). (e i)} € {0.....N} x R”O U {(0,0)} where {®(, ,: 1 <i <t}
is a deﬁnable and asymptotic partition of {{M} x M"*": M 6 %} Say for
1<i<t.Mec%. and (h.a) € M that M |= y;(b.a) <= (M.bh.a) € D, -
Now by the inductive hypothesis, for each i thereis A; = {(di1, vi1). .. .. (dir,, vir,)} C
{0..... Nn} x R”*U{(0,0)} and a definable asymptotic partition { X;;: 1 < j < r;}
of {{M} x M™: M € €} corresplonding to y;. Say M |= p;;(a) < (M.a) €
Xij = h(3i(M".a)) = (dij. vij).
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Given M € @ and @ € M™, there is a unique function f: {1,...,7} —  so
thatforalli € {1.....1}. M |= p;;(;)(a). Notice that foreach i, £ (i) € {1.....r;}.
so the set of all possible such f is finite. We now fix f and consider M and a
compatible with f.

Define S;(a@) := {(z.x) € M"™': M = ¢(z.x.a) A yi(x.a)}. Then
d(M"™1. a) = ]i_, Si(a). We'll show that

'f(l l/(! ei
1.(@)] = vy | M| (|M| )

Suppose that e; > 0 and d; ;) > 0 (the cases where ¢; = 0 or d;s(iy = 0 are similar,
noting that if d,,(;_, then for large enough M. we have |y (M".a)| = v;;(;. etc).
Lete > 0. Let ¢’ := Min{e, 3u;v;(; }. Then for all sufficiently large M, we have

_ L) € %ir @)
i (M".a@)| = v M™% [ M|™F
3u;
and for all X € y;(M",a),
o o g ¢
1M, %.0)] - | M3 M|
Vif (i)
As
i@ =Y |¢(M.%.a)|
Fen(M.a)
we have

e e’ ) drgrei
Vi ——— ) (- M <|S;(a
(zf(z) 3ﬂl_) (ﬂ T, M| |Si(a)]

e’ e gyt
<Vlf<l> * 3/1i> <lul - 3vif(i)> M|

l/(!

and so

l/(! ‘i

[15:(@)] = pivig | M5 | < el |5

as required.

Nowletd :==Max{d, ;) +ei:i€{l.....t1}}. A== {16{1 ) diptei=d}.
and u = >, , uivirp)- Then Y ., |S( )| — ulM|F = o(| M|¥). But for each
i ¢ Awehaved, ;) + e <d.soinfact >;_ |S;(a) — u|M|%¥ = o(|M|¥). that is
(M. a)| — u|M|% = o(|M|¥).

As the set of possible f earlier was finite, it follows that the corresponding set of
(d. u) is also finite. Notice also thateach d; ;) € {0.....Nn}.ande¢; € {0..... N}
sod €{0,....N(n+1)}.

Now we need to show definability. Consider some specific (d, u), and let
{f1..... fp} be the set of functions f* which yield (d. u). Define

Pt
d,u .)7 \//\pzf/

j=li=1
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This defines

Xir; )

p
= 1

t
J =
which is the desired set. |

We shall want to speak of dimension and measure in the context of infinite
ultraproducts of members of an asymptotic class:

1i

2.3. DEFINITION. Let € be an N -dimensional asymptotic class in a language £, P
be an infinite ultraproduct of members of €. and ¢(P", @) be a Z-definable set. Then
as Dy is finite, for some unique (d, u) € Dy we have

{Mc&: (M.aM)) e @y} .

In this sense we write (dim, meas)(¢(P".a)) = (d. u).

2.4. DEFINITION. Let & be a class of finite & -structures. Then for each Q € ® we
define =9 .= {M € &: |M| > Q}. and

Th(%) := {o: g is an L-sentence and 3Q € w such that
VM € €29 we have M |= o}

2.5. PROPOSITION. Let @ be an asymptotic class. Then the following are equivalent:

1. Foreach ¢(x) € £ thereare (d, ) € Dyand Q € w such that forall M € €=2
we have h(¢p(M")) = (d. ).

2. Th(%) is complete.

3. For any infinite ultraproducts Py and P, of members of € we have that Py = P;.

Proor. The fact that (2) and (3) are equivalent is straightforward and holds for
any class of finite #-structures.
Suppose now that (1) holds. Let P, and P, be infinite ultraproducts of members
of @, and let o be an Z-sentence. Then for i € {1,2} we have
PiEoceh({xePi:(x=x)ANa})=h(P)
But by (1) we know that there is Q € @ where h({x € M : (x = x) Ac}) is constant
across #=2. So in fact
Pil=o e for M c#=%wehave h({x € M: (x =x) Ao}) = h(M)
S P ': a
Now suppose that (1) fails. Then there are ¢(xX) € £ and arbitrarily large
pairs My, M, € & such that h(¢(M]')) # h(¢(M})). As Dy is finite, we may find
(di. ). (dr, u2) € Dy and unbounded sequences {M,;: j € w}, {M>;: j € w} C
& so that for all j € w we have
h(p(My))) = (di. 1) # (da. u2) = h(p(My;))

Now let Z be a non-principal ultrafilter on @ and for i € {1,2} let P; :=
[Tjco Mij /% . By the definability of dimension/measure in  there are sentences
01,07 € & where fori € {1,2} andall M € ¥

M ': g; < h(¢(Mn)) = (d,-,,u,-)
HenCCP1§éP2 as P ':O']/\(_‘O'z) butPﬂ:(—\al)/\az. |
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For the reader’s convenience, we recall the definition of Shelah’s D-rank (see for
instance 5.1.13 of [9]):

2.6. DEFINITION. Let M be a first order structure. We define the D-rank of a
Sformula ¢(X. a) recursively as follows:
e D(¢(x.a)) > 0if p(x.a) is consistent.
o For all ordinals o, D(¢(X,a)) > a + 1 if there exist w(X.7) and a sequence
{¢;: i € w}, indiscernible over a, so that:

— Foreachi € v, M = w(%.¢;) — ¢(X.a)
— Foreachi € w, D(y(X.¢;)) > «
— There exists k € w, so that {y(X,¢;): i € w} is k-inconsistent.

e For limit ordinals o, D(¢(X.a)) > a, if forall B < o, D(¢(x.a)) > B.

Recall that a first-order theory T is supersimple if and only if every formula in
every model of 7" has ordinal D-rank.

We now prove a result linking the dimension and D-rank in ultraproducts of
asymptotic classes. In forthcoming work in [4] we tackle the same question at the
more general level of infinite measurable structures (see 2.9 below). However we
retain the current proof here for its finitary nature.

2.7. PROPOSITION. Let % be an N -dimensional asymptotic class, and P = [[ M / 4
an infinite ultraproduct of members of €. Then for all Z-formulae ¢(X.7) and all
ae P" D(¢(P".a)) <dim(¢(P".a)).

Proor. By shrinking # if necessary, we may assume that % is a non-principal
ultrafilter on €. We proceed by induction. and show that if D(¢(P".a) > r, then
also dim(¢(P”. @) > r. Notice that the case r = 0 is trivial as it is just the condition
that ¢ (P", @) is non-empty, and r = 1 is the condition that % contains a set in which
¢(M",a(M)) is unbounded. Suppose now that the result holds for all » < s, and
that D(¢(P",d)) > s + 1. Then there exist (X, Z) and an indiscernible sequence
{¢;:i € w} in P" such that:

e Foralli e w, P E w(X.¢;) — ¢(x.a)

e Foralli c w. D(yw(x.¢;)) > s

e There exists k € w so that {w(X,¢;): i € w} is k-inconsistent.
Define

Uii={Mec%:y(M".&;(M)) Cp(M".a(M))}.
Vi={M e&:dim(y(M",c;(M))) > s},

and for any distinct iy, ..., ,ix € w define
Wi ={M €?: /\ ".& (M) = 0}
j=1

Then by the inductive hypothesis we know that U/, V!, W},
inductive hypothesis we know that

(M ec#:dim(¢p(M".a(M))>s}e.

€ % . Also by the

..... 7

Hence either

V:={M € #:dim(p(M".a(M)) =s} e,
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or
(M c@:dim(¢p(M".a(M))>s+1} €.

Suppose for a contradiction that the former holds. For each Q > k define

Vo= (NU)n ()0 ( N Waa) v

i=0 i=0 0<i|<ip<---<iy

Notice that Vp € # and that V1 C V. Also for convenience we write 4; :=
w(M",¢;(M)) (which M we’re working in will be clear from context). Now for all
M € Vg andalli < Q. the following hold: 4; C ¢(M".a(M)), dim(4;) > s, and
dim(¢(M".a(M))) = s. Hence for all sufficiently large M € V. it must hold that
dim(4;) = s. and (by shrinking Vy if necessary) we may suppose that this holds
forall M € V. Now,

(9]
lp(M".a(M))| > || )4l
i=0
o =0
= il = D Ay N Ay + .
i=0 0§i1<i2
ir_1=0Q
+ (_1)]( Z |Ai1 m.“mAik—l|
0<i <+ <ig—y
Moreover, by indiscernibility, for all j,il,...,i_;+1,i1’,...,ijf+1 < Q. we have

h(y(P". &) - Nw(P".¢,,,)) = h(y(P".¢l)N---Ny(P".¢ ). Thus we

’ ij+l

may find 17;) CVoin%, ue R and (do. o). ..., (di—2. tx—2). so that for all
M € Vy. wehave h(¢p(M",a(M))) = (s.u), and forall j € {0,....k — 2} and all

I,....1j41 € @, We haveh(Ail ﬂ---ﬂA,'Hl) = (dj,,u_,-).
Thus for all € > 0 and all sufficiently large M € 17&
n = do +1 dy
6.3 () > (0 + (o — ¥ — CEVC (a4
l@+Do.(0+2-k) IRV
+ (1) T (2 + (1)) |1
CrLam.

s=dyo>dy > - >di_,>—1

ProOOF OF CLammM. We know that s = dy > d; > -+ > dy_» > —1. Sup-
pose for a contradiction that strict inequalities do not hold throughout. Let

[ :=Max{/’": d;y = dj;1}. Then for all ¢ > 0 and all sufficiently large M € V.

0
d
(w+ MY > dgn-nd] > | | don---na 04
i=l+1
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Now using the inclusion/exclusion principle we get

0
(,u1+€)|M|fIT/' > Z [Ag NN Ay N A
i=l1+1
=0
= ) |AenNA N AN Ayl 4.
1+1<i1<i
k—2—1=0
+ =D |[AdogN---NA;NA,N---NA
1+1<ii<...if 2

ik—2—1|
So

G-+ IMI¥ > (Q = Dl ~NMI¥ = (7 Y+ )b .
(2 Y+ oM )

However for large enough Q and small enoufgvh e.we have (Q — I)(usy1 — &) >

u; + €. and then by taking large enough M € V¥, we may contradict equation (1),
as d] > d1+2 > > dkfz. QED CLAIM

A similar argument now conjpletes the proof: we have, forall Q € w, alle > 0
and all sufficiently large M € V)
(u+e)M|¥ > |¢p(M".a(M))|
< +1
> @+ i —oarfi — (%

+ (=D <Q N 1) (,Uk—z + (—1)"*15) Viks

d,
)(m+a)|M|%+...

k—1
where s > d} > - - > dj_», so just as in the proof of the claim, for large enough Q.
small enough €, and large enough M € V. we have a contradiction. |

2.8. COROLLARY. Any ultraproduct of an N -dimensional asymptotic class is super-
simple of D-rank at most N .

ProOF. Simply apply the previous proposition to x = x. |

There is a broader class of infinite structures which admit dimension and measure,
which have been studied in [5]. We give the definition here:

2.9. DEFINITION. An infinite £-structure M is measurable if there is a function
h: Def(M) — (0 xR>)U{(0,0)} (we write h(X) = (dim(X ), meas(X)) such that
the following hold.:

1. For each #-formula ¢ (3. 7) there is a finite set D C (o x R™*) U {(0,0)}. so
that for all a € M™ we have h(¢(M",a)) € D.

2. If (M™", a) is finite then h(¢p(M",a)) = (0, |p(M",a)|).

3. If ¢(M",a) is a definable set and w (X, ) and {¢;: i € w} are indiscernible over
a such that M = ¢(x,¢;) — ¢(x,a), dim(¢p(x,¢;)) > n, and for some k the
collection {¢(x,¢;): i € w} is k-inconsistent, then dim(X) > n + 1.
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4. Let X.Y € Def(M) and f: X — Y be a definable surjection. Then there is
rewand(dy,w),....(d. u) € (@xR>)U{(0,0)} so that if

Yii={7 e Y:h(f'(5) = (di. u:)}.

then Y = Y U---UY, isapartition of Y into non-empty disjoint definable sets.
Let h(Y;) = (ej.v;) fori € {1...., r}. Also let ¢ := Max{d, +ey,....d,+e¢},
and suppose this maximum is attained by d\ + ey, ....d; + es. Then h(X) =
(e v+ - 4 pgvs).

5. For every Z-formula ¢(%.7) and all (d, ) € Dy, the set

{a € M™: h(@(M".@)) = (d. )}

is (-definable.

If X € Def(M) andh(X) = (d, u), we call d the dimension of X and u the measure
of X, and h the measuring function.
We say that a complete theory T is measurable if it has a measurable model.

Notice that 3 above ensures that for all measurable structures M and all X €
Def (M) we have D(X) < dim(X). In forthcoming work (see [4]) it is shown that
this condition in fact follows from the others.

§3. New classes from old. Consider now a weak asymptotic class € in a language
. and a uniformly definable set X, foreach M € @. Iwanttotreat {X): M € &}
as a class of finite structures. First we have to consider which first-order languages
are appropriate for this class. There are many languages one might choose subject
to the context, but the following gives a minimum criterion that any of them should
satisfy.

3.1. DEFINITION. Let & be a weak asymptotic class € in a language £, and let
(X, p) be an L-formula with [(X) = n and [ () = m. Define

$(&):={p(M".a): M €c€.a € M"}

Let &' be a first-order language such that ¢(%) is a class of Z'-structures. We say
<’ is suitable if for any w'(Z'.w') € £’ (say [(Z') = s and [(w’) = r') there is
w(iZ w) e L (wherel(Z) = n-s and l(w) = r) so that for every X = ¢(M".d)
(%) and every b’ € X" thereisb € M" so that w'(X°,b") = w(M"5.b).

3.2. LeMMA. If € is an N-dimensional weak asymptotic class, and ¢(X,p) is an
Z-formula with [ (%) = n and [(}) = m. Then ¢(%) is a weak asymptotic class in
any suitable language &’ .

PrOOF. For (d. u) € Dy define (%) 4,y == {¢(M".a): (M.a) € ®(;,)}. As Dy
is finite, it is sufficient to show that qS(?;”)(d, ) 1s a d-dimensional weak asymptotic
classin #’, under the function H (w(¢(M".a).b)) := (e, %), where h(w(M",b)N

/[/{%

¢(M".d)) = (e.v)). For convenience we will suppress the parameters @ occuring

in ¢.
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Let e > 0 and choosee; > 0 and e, > 0 so thate; < % (‘i—”ﬁ — %{ < e,and
p—e)d
(Ee)(1-2)a
——+#— — % | < e. Then for large enough M € & we have
(ﬂ—gl)d Iu([
d d
[lp(M™)] = M| ¥ | < 21| M) @)
and
(@ A ) (M")| = v|M|F| < &2 M|F (3)

Clearly (2) gives that

M1 < = (l(M")] +ea| M)

1
U
and so using (2) again
MiE <1 (loaa +er (1 (1o +erlur 7)) )
u u

Continuing in a similar way, we find that for all » € w we have

1 r+1

.
M M H 1
and so taking the limit as r — oo we get that
a 1
[M[¥ < [p(M")] (4)
H—E1

and substituting this back into (2), we get

d d €1 d
WIS > (U™ = | M > (1 - ) i

so by this and (4) we get
- d 1
£ [p(M) < |M1¥ <

p(M")]

Hm = n—e

and therefore

Thus using (3)

28]

(v—e)- (1 - =
(u—e)7

and by choice of | and &5,

) lp(M™")|7 < |(¢p Ay)(M")| <

(u—e1)7

v

(;ﬁ - 6) g7 < |(¢ A w)(M")] < (#5 +e) (M)

as required. |

Now we look at the definable quotients of asymptotic classes. Again, we first
have to consider the question of which languages to use:
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3.3. DEFINITION. Let € be an N -dimensional asymptotic class, and E (X1, X2, 7) an
L-formula with [ (%) = [(%3) = n. [(7) = m.

GJE :={M"/E;: M € € and E(X\. X, a) defines an equivalence
relation Ez on M"}

Let &' be a first-order language such that € | E is a class of &’ -structures. We say
that ' is suitable if for every w'(Z'.w') € £’ (say [(Z') = s and [(w') = r') there is
w(iZw)eZ (wherel( ) =n-sandl(w) = r) so that forevery X = M"|E; € € /E
and every b’ € X" thereisb € M" so that w'(X*.b') = w(M"*.b)/E;.

Also define £}, to be the disjoint union of & and &', along with the natural
projection map. We form a class of &L g-structures in the obvious way:

@r:={(M.a)u(M"/E;): E(X\.X,,a) defines an equivalence relation E; on M"}

3.4. LEMMA. Let € be an N-dimensional asymptotic class, and E(X1,X>.7) an
Z-formula with [ (%)) = [(X;) = n, [(}) = m. Then € | E is a weak Nn-dimensional
asymptotic class in any suitable language ¥’ . and € is an N -dimensional asymptotic
class in the corresponding language Zy;.

ProOF. We consider M € & and @ € M", where E(X, X,. ) defines an equiv-
alence relation on M”. Consider the definable set ¢(M",b). and suppose that
h(¢(M”. b)) = (d.u). Let ay = |¢p(M”".b)/E;z|. Consider first the case where
each E;-class in ¢(M",b) has the same dimension and measure, (e, v), say. Notice
thate < d. Lete > 0. Lete; > 0 and &, > 0 be such that |"jEEl 4 < & and

i ) <

Then for large enough M € %, we have
(1= )| MIF < |§(M".B)] < (u+e)| M|
and
(ag v —ag-&2)|M|¥ < |¢p(M".b)| < (ag v+ ag - €2) | M|¥
So
(a v —ag-&2)|M|T < |$(M".B)| < (u+e)|M|¥
and thus

(u+e €
a < ”v (CRLVIE S = (5)

and similarly

— & d—e
oy > By a2 ©)

Hence (5) gives us that

oy < (ﬂ+e1)|M|m ((,u+€1)

IM|F + o - _) L2
and similarly for all » € w

+e € ey d—e ey
a¢<u 1_,__2_|_..._|_i |M | —|—a¢-2—
% v v v
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and thus taking the limit as r — oo

+e
ap < (2250 \mF
Vv —

This, with (6) gives us that

— € —e
o > ( 1)|M|”N B
v

_ _ K )
<ILL—|—61)|M|{1;@'€_2:<,U £l 262 v>|M|d";A

V—¢&) 1

—€ 2e .
(ﬂl—z) M < a < (Vjel>|M|

V—¢&) &

Thus

and so by choice of 1 and g,

u d—e d—e
g = 1M | < elmF

Now we turn to the case where the E;-classes in ¢(M",b) may have different
dimensions and measures. However as these classes are all defined by the #-
formula ¢(%.b) A E(X.i.a) for varying parameters i € ¢(M".b), there are only
finitely many dimension/measure pairs that the classes can take: (e, v1)..... (e5.vy)
say. Say M =y, (ii.a.b) < h(¢(M".b) N E(M".i.d)) = (e;.v;). Let ¥;
be the union of all the E;-classes in ¢(M" . b) of dimension/measure (e;.v;), and
a; = Y;/E;. Then Y; is definable by ¢(%. b) AJit(E(X. . @) Ay, , (1. a.b)). and
ar+ -+ ay =ag. Say h(Y;) = (d;. ).

Let € > 0. Then by the result obtained above, we have for large enough M € &,

. d: —e d;:—e:
O R
J

SO

e: S .
ZTg Nj<01¢—zll‘f—;|M|dI

—¢ : g dj—ej
S S
j=1 j=1 j=1 §

Nowsetd :==Max{d; —e¢;: 1 < j<s}, A={j:1<j<s & dj—e; =d'}
and u ;= Z{% j € A}. Then

> WM+Z(—+“)M

Jj€A j¢A

T <y~ W/ |M|T

€ d’ € Uj di=¢j
<§ Z|M|~ 48 ) M|
S| | ¥+ <S+vj)| |

Jj€eA j¢A

and since |4| < s and for j ¢ 4 we have d; — e; < d’ it follows that for large
enough M € @

as — /| M|¥| <e|M|¥

Furthermore as s is fixed and foreach j € {1,..., s} the dimension /measure sets
for Y; are finite, it follows that there are only finitely many possibilities for (d’, i’)
above.
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Now we need to show that the set of (b, @) € M"*" such that h(¢(M”.b)/E;) =
(d’,u') is uniformly definable across %. We know that for any
(dj.u}) € {0.....Nn} x R>® U {(0.0)} the set of (h.a) € M’ such that
h(Y;) = (d}.u;) is uniformly definable across . Thus for any assignment of
(dj’,uﬁ) so that u/ = Z{’v‘—lf 1<j<s & dj—e; =d'} theset of (b.a) € M'*m
which yield 2(Y;) = (d}. ) for every j. is also uniformly definable across . As
there are only finitely many such assignments the result follows.

We have shown that, for definable subsets of M"/E;, the asymptotic behaviour
is definable. Clearly then this holds for definable subsets of M U M"/E;, and for
higher powers we may as usual appeal to proposition 2.2. |

The following definitions are fairly standard:

3.5. DEFINITION. Let M and N be structures in first-order languages & 4 and & »
respectively. We say that M is parameter-interpretable (p-interpretable) in N if there
arer € w, an &L y-definable set X C N', a & y-definable equivalence relation E on
X,andamap f: M — X/E, and & y-definable subsets of Cartesian powers of X/ E
which which interpret the constant, relation, and function symbols of £ 4. in such a
way that [ is an £ g -isomorphism. We write M * for the &£ 4 -structure induced on X .

Suppose now that M is p-interpretable in N, via f: M — M?*, and N is p-
interpretable in M viag: N — N*. Then g induces an £ y-isomorphism g*: M* —
M** for an L y-structure M** interpreted in N* and hence in M. Similarly we get
an L y-isomorphism f*: N* — N** where N** is an &£ y-structure interpreted in
M* and hence in N. If the isomorphisms g* f: M — M**, and f*g: N — N** are
definable in M and N respectively, then we say that M and N are p-bi-interpretable.
We say that M is (-bi-interpretable with N if no parameters from M are involved.

Notice that being (-bi-interpretable is not symmetric. We rework these in our
context:

3.6. DEFINITION. Let €4 and €y be classes of structures in first-order languages
Ly and £y respectively. If there is an injection i: €4 — €y so that for each
M € %y, M is p-interpretable in i(M), so that the & 4-structure M* (i.e X, E,
and the Z y-symbols) is uniformly defined across € n. then we say that € 4 is p-
interpretable in @ .

Now ifi: €y — €y is a bijection and for each M € € 4, M is p-bi-interpretable
with i(M), in such away that the structures M*, N* and the maps g* f and f*g
(as above) are uniformly defined across € ., then we say that € 4 and €y are p-bi-
interpretable. Again we say that € 4 is (-bi-interpretable with &, if no parameters
from & 4 are involved.

3.7. LemMA. If €4 is p-interpretable in €, and € v is an asymptotic class, then
&y is a weak asymptotic class. Moreover if € y is (-bi-interpretable with €y, and € »
is an asymptotic class, then so is €z .

Similarly if M and N are infinite structures, M is ()-bi-interpretable with N, and N
is measurable, then so is M .

Proor. For the first statement, 3.2 and 3.4 give immediately that {M*: M € €, }
is a weak asymptotic class, and hence so is & 4.

Now for the second statement we know that €, is a weak asymptotic class, and
by 3.4 again that {i(M) U M*: M € %,} is an asymptotic class. Hence given
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¢ € Zy and (d.u) € D as in definition 2.1, there is ¢(,,)(7) € L so that
(M.a) € @, if and only if i (M) |= ¢4, (f(@)). Of course this holds if and only
if i(M)* = ¢4, (g*f(a@)). and now as this takes place in M and the Z ,-symbols
are all interpreted in £, we may find a parameter-free & »-formula , ”)( 7) so
that M |= y,,(a) if and only if i (M)* = ¢, (g* f(@)).

The same argument, along with Proposition 5.10 of [5], yields the result for
measurable structures. |

3.8. COROLLARY. If @ 4 and €, in finite languages & 4 and Ly respectively, are
p-bi-interpretable, and € y is an asymptotic class. then there is an expansion &', of
L by finitely many constants, and for each M € € 4 an expansion M' to &', so
that C', .= {M': M € €4} is an asymptotic class.

Proor. Form %/, by adding constants to interpret the parameters needed to
define N* and g* f uniformly across & . and then apply proposition 3.7. [

84. Examples. The main theorem of [1] is exactly the statement that the class of
finite fields forms a 1-dimensional asymptotic class.
Similarly in [7] it is shown that any family of finite difference fields

g(m,ni,p) = {(Fpnmm.,ak)I ke co}

where m,n € w, p € w is prime, and o is the Frobenius automorphism, forms an
asymptotic class. Notice that in ultraproducts the automporphism interpreted by
[Tico ak / 7 is a solution of ¢™ - " = 1, and hence, in the terminology of Ryten, is
a fractional power of the Frobenius automorphism.

Now in [8] it has been shown that each family of finite simple groups of fixed
Lie-rank is p-bi-interpretable (in the sense of definition 3.6) with either the class of
finite fields or one of the classes &, ., as above. Thus by 3.7 and 3.8 each family of
finite simple groups is an asymptotic class. For more details see [8].

We now turn to the Lie-coordinatizable structures. This is a rich class of Ny-
categorical supersimple structures which has been thoroughly studied in [2]. One
of the main results is that the algebraic characterisation (in terms of coordinatizing
Lie-geometries) is equivalent to an abstract notion of being smoothly approximable,
that is in a strong sense being the infinite limit of a class of finite structures (or
envelopes). A basic example is that an X,-dimensional vector space is the union of a
sequence of finite-dimensional vector spaces (the envelopes) each embedded in the
next. For more details see [2].

4.1. PROPOSITION. Let M be a Lie-coordinatized structure. Then there exists a
Jamily & of finite envelopes for M so that & smoothly approximates M, and & is a
k(M )-dimensional asymptotic class.

ProOOF. Let & be a maximal family of envelopes for M such that for each dimen-
sion corresponding to an orthogonal space, the parity of the dimension is constantly
even across €. We shall refine & in due course.

If d = (d,.....d,) is the vector of dimensions assigned by E to each canonical
projective geometry respectively. define p’(d;) = (—/g;)% where ¢; is the size of
the base field of the jth canonical projective geometry, or in the disintegrated case

p'(d;) = \/d;
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Then by proposition 5.2.2 of [2], thereare s €w, ay,....a; € R, andn;y, ..., n;y €w
so that foreach E € &,

B[ = ai(p'(d)" - (p'(d))"
i=1

Moreover the proof of 5.2.2 of [2] actually gives that for any definable subset D
of M, there are by,...,b; € R, and m;1, ..., m;, € w so that for any E € & which
contains the parameters for D,

(D = Y bi(p ()™ - (' (d,)™
i=1

(It may not be true that the number of terms in the expression for | D| is the same
as that for |E|, but by setting any extra b; or g; to zero, we may assume that both
these numbers are equal to s.)

For each i < r, define n; := n;y + -+ + n;, and m; :== m;; +--- + m;.. Then,
by reordering the a; and b; if necessary, we may suppose that that N :=n; = ny =

-=n >mn;fori>[ ande :=m =m = --- = my; > m; fori > k. Notice
that proposition 5.2.2 of [2] gives that a; > 0 for i < [, that b; > 0 for i < k, that
N = 2rk(M), and that e = 2rk(D).

With this in mind, if necessary by changing the signs of a; for i > /, and b; for
i > k. and by defining p(d;) := (,/q;)" where g, is the size of the base field of the jth

canonical projective geometry, or in the disintegrated case p(d;) := p'(d;) = \/d;
we may rewrite this equation as
1De| _ 3 bilp(d))™ - (p(dy))"

EIF (S0 alpldi)ym - (pld,)y) ¥
But let us suppose for a moment that we could allow the d; to range over the

positive real numbers. Then for each x € R>? we would define d, := (dix.....dw)
where d;, = log, (x?). unless the jth canonical projective geometry is disinte-
grated, in which case, d;, := x?. Then we would find that for corresponding

notional E, and D, := Dg_.
| D
[E.

Zle bix™Mi ... .. X Mir
e — Btx - P a
N (Zl:] aixnil PPN xnir) N

Zj‘(:l bix® 437y bix™
(Cioy aix + i, aixm)¥
S b g X
(Zﬁzl ai+ Yy aix"N)w
(b1 + -+ by)
as x — oo since for i > k we have m; — e < 0 and for i > / we have n;, — N < 0.
Now we will approximate this behaviour by suitable choice of natural-number

valued d. For x € R we write a(x) to mean to the rounding of x to the nearest
integer, and B(x) := x — a(x). Then for each O € w, we may pick an even natural
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number {p € w so thatdefininge; := f({o-log,,(Q?)) foreach j corresponding to a
canonical projective geometry, —é <g < é (This is proved by a straightforward
induction on the number of such geometries, by considering the image of the map
n— B(n-log,(Q?) as asubset of [§.1].)

Now define dp := (dig.....d,) where d;p = a((p - log, (0?)) unless the jth
canonical projective geometry is disintegrated, in which case we let d ;o := Q%*2, and
€; := 0. Notice that d is independent of D. Then we find for each non-disintegrated

3(¢o-log, (0%)—¢)) _4
2 J
; 4j :Qég,qj > and

similarly for each disintegrated projective geometry p(d,o) = (d;0)? = (Q%e)z =
Q%. We adopt the convention that if the jth canonical projective geometry is
disintegrated then ¢; := 1.

|DQ| _ Zj:] bip(d1Q)’"“ e .p(er)mn

[EolV (S0 aipldig)m - -+ - pldyo)m) ¥
>oiibilg T Q) (g Qre)m
S _ETI e i _% Ny
(Srailgr Tty (g F gfeyn)

_eimy) _ermyy

k
Zi:l b[q 2 ..., qr

14.
canonical projective geometry p(d o) = q,?d’Q =q

=

_ &My _ &ty
Thus as Q9 — o0, each e; — 0. so each q; 2 — 1and q; 2 — 1. Therefore
DI, (buteethi) g required. So we may say (in the sense of definition 2.1) that
|E|™ (a1+-+a) ¥

h(D) = (5, Lottty

2 (111+"'+a/)f‘7' ’

Notice that the dimension/measure of a set is determined by the polynomial which
gives its size, and for any envelopes E, E’ both containing @, that 2(¢(E".a)) =
h(¢(E'™, a)) as they are given by the same polynomial (again see the beginning of
the proof of 2.2 in [2]). For any E € &, let ~ be the equivalence relation on E”
givenby j ~ j': & |¢(E". 7)| = |¢(E". 7')|. Then in large enough E each ~-
class corresponds to a polynomial for |¢(E”, @)|. Thenin any E € &, the ~-classes
are invariant under Aut(E). hence they are definable in E over (). But as M is
smoothly approximable (see 5 and 7 of definition 2.1.1 of [2]), it follows that the
~-classes are definable in M. Then as M is Ny-categorical, there are only finitely
many possibilities for tps(7). This shows that the set of ~-classes, and hence the
set of polynomials, and thus the set of dimension-measure pairs for ¢ (X, 7), is finite.

Finally we must show that dimension/measureis definable. But the No-categoricity
of M yields that the ~-classes are (-definable, given (d;, u;) there is a disjunction
p(7) of the p;(7) so that h(¢p(E".a)) = (d;. ;) < E = p(a)): (this corresponds
to different polynomials which yield the same measure).

Now if @ € p(M™) then for all sufficiently large £ € &. we will have that
a € p(E") by smooth approximability. This shows that the dimension and measure
of ¢(E", a) is uniformly definable in all sufficiently large E. Then to deal with the
finite number of exceptionally small E, for each (d;. u;)., we form the disjunction p’
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of p with finitely many formulae of the form Th(E) A tpg(a) where @ € E™ is such
that 7(¢(E". @)) = (d;. w). ]

4.2. COROLLARY. Lie-coordinatizable structures are measurable.

Proor. Given a definable set D in a Lie-coordinatized structure, take a collection
of envelopes & as in 4.1, and simply define /(D) as in the proof of 4.1 above. The
fact that this function satisfies definition 2.9 is immediate from the fact that & is an
asymptotic class.

Now a structure is Lie-coordinatizable if it is (-bi-interpretable with a Lie-
coordinatized structure. By 3.7 the result follows. |

In definition 2.1 we deliberately allow the error term of the asymptotic estimates
to be as large as possible. In the case of finite fields [1] gives (as in the Lang-Weil
estimates) an error term of C|M |d_% for some constant C € R”’. We might
therefore define a Lang-Weil class to be an N-dimensional asymptotic class where
we have error terms at least as tight as C|M| #—3v. In some cases though we can
do better than this:

4.3. PROPOSITION. If a Lie-coordinatized structure M as in the above proposition
involves only one canonical projective geometry over a finite field, ¥, say. then, setting
N = 2rk(M), we get that for any definable set D there exists C > 0 so that for all
sufficiently large E € & ,

dim(D) dim) 1

|D|—meas(D)‘E| N < C|E|™~ Y

Proor. Forr € Rand n € w we’ll use the notation " C,, to denote the generalised
binomial coefficient M

Say |[E| =0, a,»(\/c_j)d”f,.and|D| =Y, bi(\/q)"™ wheren; > ny > -+ > ny,
and m; > my > --- > m,. Then for constants ¢; € R, and ¢/, ¢"., ¢, """, """ > 0,
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and large enough d, we get

b1 my
\|D|—T_1|E|~1

n

a;
= ﬁ:bmﬂ)d""—bl(ﬂ)""”(lﬁsicl»m)d("f—"ﬂ):*’
i= i=2
= Z bi(V@) ™" by (\/c‘z)d’”'( i(W Ck)( Z ci(\/q)d<nfn,>)")‘
i=2

k=1 i=2
andasm; <mj;—landn; <n —1forie{2,....s}

<|erwa o ntme(Sao(evar )
k=1
<|ewa b (S vaY)
k=0
< c’(\/c_j)d<"“‘1>+b1c”(\/6_1)d(””‘”(’:—11§%(<%”Ck)(c”(\/ﬁ)_d))k)
< ey e (1 )|
< gD = (g < | .

85. Dimension versus D-rank. In proposition 2.7 we showed that in asymptotic
classes, D-rank is bounded above by dimension. The following demonstrates that
this inequality may be strict:

5.1. EXaMPLE. Let % := (R) where R is a unary predicate. For each n € w.
M, ={0.....n—1} x{0,....,.n— 1}
R(M,) ={(0,i):0<i<n-—1}

Thenif & := {M,: n € w}, € is a 2-dimensional class, but any infinite ultraproduct
P is just a set where R picks out an infinite/co-infinite subset, so D(P) = 1.

We now turn our attention to those circumstances in which equality does hold.

5.2. DEFINITION. If'@ is an N -dimensional asymptotic class in a language & which
satisfies:

for every ¢(x,7) € £ and every v € w, there are k,Q € w. where for each
M € 29 and each @ € M"™, there are w(x.Z) € Z. where [(Z) = s say. and
{C1,....¢} € M* so that if dim(¢(M.a)) = d > 0, then

e foreachi € {l...., rhw(M.¢;) C (M. a)
o foreachi e {1,..., r}, dim(y(M.¢;)) =d — 1
o {y(x,¢):1<i<r}isk-inconsistent

then we say that € is imbricated.
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Moreover, given ¢(x.7) € Z. as r ranges over ., M over €=2 and a over M, if
the set of w(x. Z) and k used can be chosen to be finite, then we say that € is closely
imbricated.

Notice that imbrication is a condition just on formulae in one variable (plus
parameters). The following proposition however shows that (as in 2.2) it has con-
sequences in higher powers, and gives the relationship between (close) imbrication,
D-rank, and dimension.

5.3. PROPOSITION. If € is such that for any infinite ultraproduct P of members of
€.,any ¢(x.7) € Z.and any a € P™, we have dim(¢(P.a)) = D(¢p(P.d)), then €
is imbricated.

Conversely if € is closely imbricated, then for any infinite ultraproduct P, ¢(X, j) €
Z.and a € P", we have dim(¢(P".d)) = D(¢(P", a)).

PRrROOF. Suppose first that € is not imbricated. Then there exist ¢(x, ) € £ and
r € wso thatforallk, Q € w there are My g € €22 and dx ¢ € M}, where for all
w(x.Z) € Zandall {¢).....¢,} C M?*, at least one of the imbrication properties
above fails. Let % be a non-principal ultrafilter on w. and let P := [[ ¢, Mo.o/%.
and @ := []yc,, @0.0/%. Suppose now for a contradiction that dim(¢(P.a)) =
D(¢(P.a)). Then wecan find k € w, w(x,Z) € £, and {¢;: i € w} C P* so that:

o foreachi € w, P = y(x,¢) — ¢(x,a)
e foreachi € w, D(y(P.¢;)) = D(¢p(P.a)) — 1
e {y(x.¢;): i € w} is k-inconsistent

Notice that by 2.7 the second of these forces dim(y (P, ¢;)) > dim(¢(P.a)) — 1.
But then there must exist U € % where forall Q € U:

o for1 <i<r.Mpop = w(x. C_’i(MQ‘Q)) — ¢(x. dQ_Q)
[ ] fOI‘ 1 S i S r, dim(l//(MQ‘Q, E,’(MQ_Q))) Z dim(¢(MQ_Q, dQ_Q)) —1
o {y(x.¢i(Mgo)): 1 <i<r}isk-inconsistent

By choosing Q € U with Q > k, we get a contradiction by choice of Mg .

Conversely suppose that & is closely imbricated, that P = [],, ., M/% is a
non-principal ultraproduct of members of €. and that dim(¢(P".a)) = d. We'll
show that if d > 1, then we can find a uniformly definable k-inconsistent family of
(d — 1)-dimensional subsets of ¢(P".a). We proceed by induction on n. First we
assume without loss of generality (by adding constants to the language) that @ = ().

When n = 1 we know that there is U € % where foreach M € U, dim(M) =d,
and by close imbrication that there are U’ C U with U’ € %, w(x.Z) € Z.
I(M) € w.and {¢;(M):i € (M)} C M* soas |[M| — ooin U, I(M) — oo,
and {y(x.¢;(M)): i € I(M)} defines an arbitrarily large k-inconsistent family
of (d — 1)-dimensional subsets of ¢(P), just as before. Hence in P, taking ¢; :=
[Tie;ci(M)/%. {w(P.c;): i € I}is as required.

Now suppose that n > 1, and that the result holds for all definable sets of
P P?.....P"'. Asd > 1it must be that ¢(P") has an infinite projected image
onto some co-ordinate. Without loss of generality, assume that it is the first. That
is dim(7; (¢(P")) = r > 0. Define

a(P" 1) :={(ar.....a,) e P Pl=gla.ay.....a,)}
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Now as a varies in 711 (¢(P")), there are finitely many dimension/measure pairs, say
(er.u1).....(es, u;) which ¢, (P"1) can take.
For each (e, ;). define

Ar = {a € m(¢(P")): (dim, meas)(¢,(P""")) = (er. )}

Now if ¢; = d for some /, and a € A;, then by the inductive hypothesis we can
find a uniformly definable k-inconsistent family of (d — 1)-dimensional subsets of
¢a (P"Y), say {y,(P"~1,¢): i € I}, and then {{a} x w,(P""'.¢;): i € I'} works
for ¢(P"). Hence we may assume that forall /, e; < d.

Now foreach/ € {1,...,t}, define:

(f1.v) := (dim, meas)(4;)
Then
(dim. meas) ( [ | {a} x gu(P"™")) = (es + f1opu - 1)

acA;
Moreover ¢(P") is the disjoint union over / of all these sets, hence
Max{e; + f1: 1 <1<t} =d

Say this is attained at /’. Then as noted above ¢;; < d, so f;» > 1. Therefore, by
the inductive hypothesis applied to A, there is a uniformly definable k-inconsistent
family {y(P.¢;): i € I} of (f;» — 1)-dimensional subsets of 4;,. Finally therefore

{ U fatxgu(prier}

acy(Pé;)

is a k-inconsistent family of subsets of ¢(P"), and each one has dimension e;/ +
(frr —1) =d — 1, as required.

So we have shown that for d > 0, and for any d-dimensional definable set in P,
there is £ > 0 and a uniformly definable infinite k-inconsistent family of (d — 1)-
dimensional subsets. A straightforward induction on d now proves that on all
definable sets in P, dimension and D-rank agree. [ |

5.4. COROLLARY. In any 1-dimensional class, dimension and D-rank agree.

PrOOF. Let@ be a 1-dimensional class. We need only to show that @ is closely im-
bricated. Let ¢(x.7) € Z. Thenif M € € and a € M™, either dim(¢(M.a)) =0
in which case we have nothing to show, or dim(¢ (M. d)) = 1. But in this case we
can find a family of 0-dimensional subsets of ¢(M, d) which are pairwise incon-
sistent, and whose number grows with | M|, namely the points of ¢(M, @), defined
by x = c. |

The next is an example of an imbricated class in which dimension and D-rank
fail to agree, and shows that the gap between imbrication and close imbrication is
genuine.

5.5. ExamPLE. Let & := (R;);c.,, Where each R; is a binary predicate. For each
n € w define

M, ={0,....n—1} x{0,....,.n— 1}
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where

alzblzi, or
ay =b1 anda2=b2

My = Rila.b) o {

where a = (a1, as), b = (b1, by). Then & is imbricated. But taking a non-principal
ultrafilter  on w, and defining P := [] M, /% we find that P has D-rank 1,
and that @ is not closely imbricated.

new

§6. Stable classes.

6.1. PROPOSITION. Let & be a class of finite & -structures. Then the following are
equivalent:

1. Every infinite ultraproduct of members of € is stable.
2. For every Z~formula ¢(X.7) thereis K € where for each M € % there do
not exist {a;.b;: i < K}in M sothat M \= ¢(a;.b;) =i < j.

PrOOF. Suppose that 2 fails. Then there exists #(X.7) so that for each K € »
there is Mx € € and {dk;.bx;: i < K} C Mg where Mg |= ¢(ax;. bg;) < i < j.
Let % be a non-principal ultrafilter on . and let P := []x., Mk /?/ . Define
ar = gy axx x TIg ;1 axi/% and b; := [Ty bxkx % [Ig_ ;11 bki/%. Then
P = ¢(a;.b;) < i < j,so P isunstable.

Conversely suppose 1 fails. Then there exists an unstable infinite ultraprod-
uct P of member§ of €. Then there are ¢(%,7) and {G;.b;: i € w} cP
where P = d)(&i,_bj) < i < j. Let K € w. Then P = /\OSiSJSK¢(d1’,bj) A
/\O§j<i§K —|¢(&,-,bj), so there exist U € % where for all k € U we have M} |
¢(a:(M).b;(M)) i < j. u

6.2. DEFINITION. We call € stable if it satisfies 1 and 2 of proposition 6.1

We now rework the following standard definitions for convenience, see for in-
stance [3]:

6.3. DEFINITION. A stable structure M is functionally unimodular if" whenever
f1,f2: A — B are definable maps, and k, ky natural numbers such that for all
b € B we have for eachi € {12}, |f7'{b}| = ki. then ki = k.

A type p € S(B) in a stable structure M is multiplicially unimodular if when-
ever dy,....dy. ey, ....e, € p(M), {d\.....d,} and {ey.....e,} are each aclp-
independent. and aclg(d) = aclg (). then Mult(d /&) = Mult(é/d).

It is easy to show that measurable structures are functionally unimodular. The
following however seems to be absent from the literature:

6.4. LEMMA. If M is a functionally unimodular stable structure and p € S(B)
a minimal type (i.e a stationary type of U-rank 1) in M. then p is multiplicially
unimodular.

PrOOF. Let p be as in the above definition. We take M to be somewhat saturated,
and B C M to be small.

Let p'(x) := tp(dy,....d,/B) = tple1,....en/B) = p@ p @ ---® p, and let
q(%.7) :=tp(dy.....dy.er.....en/B) = p'(X) A p'(F). Let ky := Mult(¢/d) and
k := Mult(d /). Let n; and 7, be the projection maps from ¢(M”. M™) onto the



ASYMPTOTIC CLASSES OF FINITE STRUCTURES 21

first and second n coordinates respectively. Then for i € {1,2}, Im(zn;) = p’'(M")
and 7; is everywhere k;-to-1.

Cram. Thereis¢ (¥, j) €¢(x. 7) so that 7y and 7o, when extended to ¢ (M", M™),
have the same range, and are everywhere k;-to-1 and k,-to-1 respectively.

The claim finishes the proof, as we may now apply the definition of functional
unimodularity to conclude that k| = k.

PrOOF OF CLAIM. Suppose not. Then for each ¢(X.7) € ¢(%.7) there is

(d, aip,.. ak,H b] ..... bk2+1) from M where
M = ( /\ a; #a;) A ( /\ bi #b;) (7)
1<i<j<k;+1 1<i<j<ky+1
and

M E (354(a. 7) A -33¢(%.a) a.y)N3xe(x.a))

~35¢(
ki —1 kr—1 _ _
<\/¢ —{Cll,.. ) < C_l)Z{bl,...,b,-}>
D (b

V({ar..... a1} C ¢la. M) Lben} CoMn@)  (8)

So by compactness and saturation, thereis (@, @i, . . . . dx, 11 bi..... 5k2+1 ) from M
which satisfies (7) and (8) for every ¢ € g.
Case 1: there is ¢ € ¢, where

M = (35¢(a.7) A -3x¢(%.a)) V (~37¢(a.7) A3X¢(%.a)) .
Without loss of generality suppose, that the first disjunct holds. Then for any v € ¢,
iftM = —-3Jyy(a,y), then (g Aw)(a, M") = (d Ay)(M",a) = § which contradicts
the fact that (&@.d.....dx 11.b1.....by,+1) satisfies (8) with (¢ A y) in place of
¢. Hence forall w € ¢, M |= 3yw(a. 7) and so by compactness and saturation,
acm(gM", M")),butas M = —3x¢(x,a), we have a ¢ ny(q(M", M")), which
is a contradiction.
Case 2: there is ¢ € ¢, where

ki—1 ky—1
p:(\/ ¢(&,M")z{c‘z1,...,&,~}>\/<\/¢ {bl,...,B,-}>.
i=1

Again suppose the first disjunct holds. Then for any w € ¢, we have
(@ Aw)a.M") C ¢a,M"). If (¢ Ay)(@a, M") =  for any yv € ¢, then
either (¢ A w)(a.M") = (¢ A w)(M",a) = () which again contradicts (8), or
M | (@ Ay)(p,a) A—(¢ Aw)(a,y)) so case 1 applies with ¢ A w in place
of ¢. Otherwise a € m1(g(M", M")), but 1 < |nf1{c'z}| < k; — 1, which is a
contradiction.

Case 3: for all ¢ € g, we have

ME ({ar..... a0} C¢la M) v ({Bl,...,5k2+1} c ¢>(M",c’z)) .

Now suppose that for some y € g we have

M= (b b} Cw(M.2)).
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Then as (¢ Aw)(a.M") C ¢(a, M"), it must be the case that for all ¢ € ¢ we have
M ': ({61,...,a_k1+1} - (¢ A l//)(a_,M”)). Therefore {51,... ,dk]+1} - ﬂfl{d},
which is a contradiction. |

The final result is in terms of local modularity: an important notion in geometric
stability theory. A stable structure M is said to be locally modular if for any two
sets A and B, it holds that 4 and B are independent over acl(4) N acl(B). There
are several equivalent formulations, see for instance [6] for more details.

6.5. PROPOSITION. Stable measurable structures are locally modular. In particular,
any stable infinite ultraproduct from an asymptotic class is locally modular.

ProOF. Let M be measurable and stable. Then M is supersimple by 2.7, and
of finite U-rank (since U(M) = D(M)). As M is stable and supersimple, it is
superstable and by 2.5.8 of [6] it suffices to show that any minimal type p in M is
locally modular. Moreover M is functionally unimodular, and so by lemma 6.4,
p is multiplicially unimodular. But then by 2.4.15 of [6] (see also [3]). p is 2-
pseudolinear, and hence by 5.3.2 of [6], locally modular. |
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